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Abstract

This study investigates the dual nature of phonons—encompassing both
particle-like and wave-like behaviors—and their roles in thermal transport
within pillared graphene nanoribbons (PGNRs). Monte Carlo simulations
are employed to evaluate how the presence of pillars affects the thermal
conductivity of graphene nanoribbons (GNRs), revealing that pillars signif-
icantly reduce thermal conductivity by enhancing phonon-boundary scat-
tering, thereby emphasizing particle effects. A comparison with molecular
dynamics simulations enables quantitative assessment of the respective con-
tributions of particle and wave phenomena to the observed reduction in ther-
mal conductivity. Notably, as the width of PGNRs decreases, the influence of
wave effects initially increases and then diminishes, suggesting a saturation
behavior. Furthermore, this study introduces and evaluates the concept of
phonon resonance hybridization depth in PGNRs.
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1. Introduction

Phonons, as energy carriers, exhibit both wave-like and particle-like prop-
erties. This duality plays a key role in determining a material’s thermal
characteristics. While extensive research has focused on the particle and
wave behavior of electrons and photons [1–4], the complex interplay between
these properties in phonons remains a significant challenge [5, 6]. A deeper
understanding of phonon transport is essential for advancing applications
in thermal management [7, 8], including nanofluid-based solar collectors and
heat transfer devices [9–11], thermal rectification [12, 13], and thermoelectric
energy conversion [14–16].

Traditionally, controlling phonon transport has predominantly focused
on their particle-like behavior. Techniques such as introducing rough edges
[17–19], interfaces [20], pores [21], defects [22], and doping [23] have been em-
ployed to scatter phonons and thereby reduce thermal conductivity. In con-
trast, approaches leveraging the wave-like nature of phonons emphasize the
role of phase information, interference, and resonance effects during coherent
transport [24–28]. Coherent phonon transport in periodic structures can lead
to localized resonances and the formation of standing waves, effectively dis-
rupting phonon propagation at specific frequencies [29–35]. Notably, these
control strategies are not limited to ideal crystalline materials but can also
be applied to amorphous systems, where tuning phonon transport remains a
key challenge [36, 37].

Graphene nanoribbons (GNRs) are particularly promising for applica-
tions such as transistors [38, 39], solar cells [40], and other electronic devices
[41] due to their ability to open graphene’s bandgap. The thermal and elec-
trical properties of GNRs can be fine-tuned by adjusting ribbon width and
edge configurations [42–47]. Studying the thermal properties of GNRs is es-
sential for enhancing device performance and gaining deeper insights into the
physics of low-dimensional systems. Pillared graphene nanoribbons (PGNRs)
exploit the wave-like nature of phonons to disrupt transport via local reso-
nant hybridization, thereby reducing thermal conductivity [48, 49]. These
studies have mainly focused on the wave behavior of phonons in PGNRs.
At the same time, there is also a contribution to the reduction in thermal
conductivity from phonon scattering at boundaries.

At the nanoscale, particle and wave effects must be treated separately to
fully understand the thermal transport mechanism [50, 51]. Although previ-
ous studies have explored the dual behavior of phonons in systems such as
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pillared nanowires [31] and nanoporous graphene [27], no work has quantita-
tively analyzed the particle and wave effects in PGNRs. Compared to silicon
[31], phonons in graphene have much longer intrinsic mean free paths and
are more sensitive to boundary modifications. While previous studies have
focused on wave-like transport mechanisms—such as coherence and local-
ization—in nanoporous graphene [27], they have not considered the unique
structural and phononic characteristics of PGNRs. In PGNRs, periodic
boundaries not only induce phonon resonance hybridization, altering disper-
sion relations, but also enhance boundary scattering, which reduces phonon
mean free paths. These effects make PGNRs an ideal system for quantita-
tively examining the interplay between particle- and wave-like phonon trans-
port.

The phonon Boltzmann transport equation (PBTE) has long served as
a fundamental theoretical framework for calculating the thermal conductiv-
ity of semiconductors [52, 53]. With the development of density functional
theory (DFT) [54, 55], which enables accurate approximate solutions to the
many-body Schrödinger equation [56] via the Kohn–Sham formalism, it has
become possible to solve the PBTE from first principles with high preci-
sion [57–60]. For micro- and nanoscale systems, numerical solutions of the
PBTE [61, 62] or Monte Carlo (MC) methods [47] are often employed. It
is important to note that the PBTE is inherently a particle-based formal-
ism grounded in phonon scattering processes. In parallel, the advancement of
atomistic simulation techniques has led to the widespread adoption of molec-
ular dynamics (MD) [30, 63, 64], which directly models atomic vibrations
and naturally captures both the particle-like and wave-like characteristics
of phonons. This makes MD a powerful complementary approach for eval-
uating thermal conductivity, particularly in systems where wave effects are
significant.

Theoretical studies [29–36] show that resonance caused by pillars can sig-
nificantly reduce thermal conductivity, provided that the pillars are defect-
free and in perfect contact with the body. Resonant frequencies align with
the body’s phonon modes, leading to flat dispersion relations and lower group
velocities. However, experimental measurements [65] indicate that such reso-
nance effects are often negligible in practice due to structural imperfections.
These imperfections lead to a reduced number of matched resonant frequen-
cies and the formation of hybrid modes, ultimately diminishing the expected
suppression of thermal transport. Furthermore, theoretical findings suggest
that introducing defects or isotopic doping in the pillars weakens the res-
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onance effect, leading to higher thermal conductivity than that of perfect
structures [30, 66]. These findings highlight the critical role of structural
perfection in realizing phonon resonance effects for effective thermal trans-
port control.

This paper examines how pillars affect the thermal conductivity of GNRs
by influencing both the wave and particle characteristics of phonons. Firstly,
MC simulations are employed to capture the particle-like behavior of phonons,
including phonon-phonon scattering and boundary scattering. Secondly, MD
simulations are used to model the wave-like behavior of phonons, focusing
on the interference and localization effects introduced by the pillars. Lastly,
a comparison of the results from both methods is conducted to quantify the
contributions of particle and wave effects to the reduction in thermal conduc-
tivity. The study further examines how the width of PGNRs and the pillar
height influence phonon particle and wave behavior, providing a physical ex-
planation for the observed trends. These findings provide valuable insights
into phonon transport and offer theoretical support for the development of
advanced thermal management strategies.

2. Methodology

As shown in the Fig. 1, phonon transport in PGNRs — with width
W and pillar height Hp — can be interpreted either as particle scattering
or wave propagation. Particle scattering within the pillars significantly re-
duces the phonon mean free path, thereby lowering thermal conductivity.
Concurrently, local resonances occur within the pillars, producing standing
waves that influence phonon propagation in the surrounding regions. This
phenomenon is referred to as resonance hybridization [34].

2.1. MC simulation
The MC simulation employed in this study is based on the PBTE, which

governs the time evolution of the phonon distribution function f(r,k, t),
where r is position, k is wave vector, and t is time. In the absence of external
forces, the PBTE is expressed as:

∂f

∂t
+ vg · ∇rf =

(
∂f

∂t

)
scatter

, (1)

where the phonon group velocity vg = ∇kω(k) characterizes the rate of
phonon energy transport in real space, and the right-hand side describes
phonon scattering processes.
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Figure 1: Schematic picture of the phonon transport across PGNR.

Key input information in the phonon MC simulation such as phonon
dispersion within the bulk material must be specified. Phonon dispersion is
essential for initializing and updating phonon states, including energy and
wave vector. The phonon dispersion relation, which defines the relationship
between angular frequency and wave vector in the first Brillouin zone, is
calculated for graphene using the empirical dynamical matrix method [67–
69]. This relation is derived from the secular equation [6]:

ω2(k)A = D(k) ·A, (2)

where ω2(k) is the eigenvalue, A(k) is the eigenvector, D(k) is the dynamic
matrix. The dynamical matrix is constructed via discrete Fourier transforma-
tion of the interatomic force constants, using the parameterized 5th-nearest-
neighbor force constant (5NNFC) model. The specific parameter values are
provided in Table S1 of the Supplementary Material (SM), and further de-
tails can be found in Ref. [69]. This approach achieves accuracy on par with
first-principles calculations. The input data of our MC simulation has been
carefully verified to achieve nearly accurate bulk graphene thermal conduc-
tivity [70]. The full phonon dispersion of graphene in the Brillouin zone, is
shown in Fig. 2.

In the MC simulation, the left and right boundaries are modeled as
isothermal boundaries, represented as black bodies with high temperature
Th and low temperature Tc. The upper and lower boundaries, formed by
the square-wave-shaped pillars, are treated as reflective boundaries, allowing
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Figure 2: The full dispersion relation of graphene for the ZA, TA, LA, ZO, TO, and LO
phonon branches in the Brillouin zone, calculated using the empirical dynamical matrix
method with up to 5th-nearest-neighbor interactions.

phonons to elastically scatter off these surfaces, as illustrated in Fig.1. De-
pending on the boundary roughness, some phonons are specularly reflected,
while others undergo diffuse reflection.

Phonon frequencies are determined by matching a random number to the
cumulative distribution function (CDF). Once the frequency is established,
the phonon mode is selected based on the density of states (DOS) for different
modes at that frequency, as depicted in Figs.3a-3c. The CDF after scattering
differs from the initial phonon distribution’s CDF. A detailed description of
the simulation methodology is provided in the SM 2. The flow chart of
the MC simulation is presented in Fig.3d. Phonons can travel in two ways:
drift or scattering [71–73]. After scattering, energy conservation needs to be
achieved by adding or removing phonons.

During the drift step, phonons move ballistically, with their positions
updated according to the group velocity r⃗(t+∆t) = r⃗(t) + v⃗∆t, where ∆t is
the time step. For a phonon with frequency ω in branch j, the probability
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Figure 3: (a) Phonon DOS of ZA, TA and LA branches, (b) CDF before scattering and
after scattering, (c) The probability of a phonon with the frequency ω being in branch,
(d) Flowchart of MC simulation.

of scattering within a time interval ∆t is given by:

pj(ω) = 1− exp(− ∆t

τj(ω)
), (3)

where, τj(ω) is the phonon lifetime, representing the inverse of the total scat-
tering rate for a phonon of frequency ω in branch j. This rate is calculated
using Fermi’s golden rule, which determines the transition probability per
unit time due to anharmonic phonon-phonon interactions, including contri-
butions from both normal (N) processes and Umklapp (U) processes.

A random number Rscat is generated to determine if scattering occurs. If
Rscat < Pj(ω), the phonon scatters and is replaced with a new phonon resam-
pled from the CDF after scattering. Once the system reaches steady state,
the thermal conductivity is calculated based on the temperature gradient.

In MC simulations, phonons are treated as particles undergoing bound-
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ary scattering, which reduces their mean free path and, consequently, the
thermal conductivity. MC methods are particularly suited for modeling such
particle-like transport phenomena; however, they do not explicitly capture
wave-related effects such as coherence, interference, or resonance. As a re-
sult, the thermal conductivity values obtained from MC simulations reflect
only the reduction due to particle effects. To comprehensively evaluate the
influence of wave phenomena—such as phonon resonance hybridization and
localization, which can further suppress thermal transport by modifying the
wave characteristics of phonons—a comparison with MD simulations is es-
sential.

2.2. MD simulation

MD simulations were performed using the LAMMPS software package [74]
with an optimized Tersoff potential [75]. The equations of motion were inte-
grated with the velocity Verlet method using a time step of 0.5 fs. Initially,
the system was equilibrated under the NPT ensemble (constant number of
atoms, pressure, and temperature) at 300 K and 0 bar for 0.5 ns.

Fixed boundary conditions were applied along the x-direction, while pe-
riodic boundary conditions were imposed in the y and z directions. A 4 nm
vacuum layer was introduced along both the y and z directions to ensure
that the system captures the intrinsic properties of monolayer PGNRs. The
structure was divided into 80 layers (N=80) to establish a stable and well-
defined temperature gradient, with atoms in the boundary layers (layers 1–2
and N–1 to N) fixed. Langevin thermostats were applied to layers 3–6 and
N–6 to N–3 to maintain temperatures of 310 K and 290 K, respectively. The
damping parameter of the Langevin thermostat was set to 50 times the sim-
ulation time step (25 fs) to maximize the heat flux through the system (see
Fig. S1 in SM 3 for details).

The first NVE ensemble (constant number of atoms, volume, and en-
ergy) was performed for 2.5 ns to ensure the system was equilibrated in the
Langevin hot bath. In the second NVE ensemble, time-averaged values of
temperature and heat current were computed over a period of 10 ns. Results
represent averages from six independent simulations with varied initial con-
ditions. More details of MD simulation settings can be found in SM 3. The
temperature gradient was extracted via linear fitting of the local tempera-
ture profile, excluding boundary-induced jumps. Thermal conductivity was
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calculated using Fourier’s law:

κ = − J

W · d · ∇T
, (4)

where J is the heat flux, d is the thickness (0.334 nm), and ∇T is the longi-
tudinal temperature gradient. The cross-sectional area used for the RGNR
calculation excludes the height of the pillar structures. The temperature TMD

was determined based on the kinetic energy of the atoms:

3NkBTMD

2
=

∑
i

miv
2
i

2
. (5)

The MD simulations capture the wave-like nature of phonons. A key
mechanism in PGNRs is resonance hybridization, which arises when a prop-
agating phonon mode strongly couples with a localized vibrational mode
associated with the pillars. This coupling results in band flattening in the
dispersion relation, leading to a significant reduction in group velocity near
the hybridization region.

2.3. Quantitative analysis

For GNRs without pillars, MC and MD simulations yield consistent ther-
mal conductivity results. The key distinction lies in their treatment of bound-
aries: MD simulations incorporate explicit atomic boundaries, whereas MC
simulations rely on statistical boundary conditions. A critical parameter in
MC simulations is the specular reflection probability pspec, which classical
models (e.g., Ziman [76] and Soffer [77]) express as a function of phonon
wavelength (λ), angle of incidence (θ) and boundary roughness (σ):

pspec = exp (−16π2σ2

λ2
cos2 θ). (6)

By appropriately adjusting σ, MC simulations can replicate the thermal
conductivity trends observed in MD simulations for GNRs without pillars.
This calibration compensates for the MC method’s inherent limitations in
capturing atomistic boundary interactions explicitly.

Ensuring agreement between MC and MD results is essential for isolating
wave effects—such as resonant hybridization—on phonon transport. Once
MC and MD simulations produce similar results for GNRs, any deviations
observed in pillared GNRs (PGNRs) can be confidently attributed to wave
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effects rather than methodological differences [27, 78]. This alignment pro-
vides a solid foundation for analyzing the interplay between particle-like and
wave-like phonon transport mechanisms in nanostructured materials. (De-
tailed calibration process is provided in the SM 5.)

We employed MC simulations to calculate the thermal conductivities of
both GNR and PGNR, denoted as κMC

GNR and κMC
PGNR, respectively, and MD

simulations to determine the thermal conductivities of both GNR and PGNR,
represented as κMD

GNR and κMD
PGNR, respectively. Here, κ

MC
GNR = κMD

GNR = κGNR is
used as the benchmark for comparison.

To facilitate this, we define the relative thermal conductivities as:

κMC
rel =

κMC
PGNR

κGNR

, κMD
rel =

κMD
PGNR

κGNR

. (7)

These relative thermal conductivities represent the ratios of the thermal con-
ductivity of PGNR to the thermal conductivity of GNR.

To quantitatively distinguish the phonon particle and wave effects more
clearly, we define the wave ratio, ηwave, which represents the proportion of
reduction in thermal conductivity attributed to the wave effects relative to
the total reduction in thermal conductivity. This ratio is expressed as follows:

ηwave =
κMC
PGNR − κMD

PGNR

κGNR − κMD
PGNR

=
κMC
rel − κMD

rel

1− κMD
rel

. (8)

The particle ratio is then defined as:

ηparticle = 1− ηwave. (9)

3. Results and Discussion

The Debye temperatures of graphene, GNRs, and PGNRs were estimated
based on the average phonon group velocity, yielding 1593 K for graphene,
445 K for GNRs, and 306 K for PGNRs. The derivation of the Debye temper-
ature and its validation via comparison with literature values are provided
in SM 4. The method follows the approaches described in Refs. [79, 80], and
the calculated results are summarized in tabular form. Consequently, the
investigation of thermal conductivity variations with size was conducted at
room temperature (300 K).

Fig. 4a and Fig. 4b show the thermal conductivity of GNRs and PGNRs
as functions of width W (pillar height Hp fixed at 0.86 nm) and pillar height
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Hp (width W fixed at 1.72 nm), respectively. Fig. 4d and Fig. 4e present
the relative thermal conductivity under the same conditions. Fig. 4g and
Fig. 4h depict the wave ratio (proportion of wave effects in thermal conduc-
tivity reduction) as functions of W and Hp, respectively. Simulations were
performed for GNRs (W : 1.72 nm) and PGNRs (W : 1.72 nm, Hp: 0.86 nm)
across a range of temperatures, with the corresponding results shown in Fig.
4c, 4f, and 4i.

Figure 4: (a)-(c) Thermal conductivity of GNR and PGNR obtained from MC and MD
simulations: (a) vs. width W (Hp = 0.86 nm, T = 300 K); (b) vs. pillar height Hp (W
= 1.72 nm, T = 300 K); (c) vs. temperature T (W = 1.72 nm, Hp = 0.86 nm). (d)-(f)
Relative thermal conductivity of PGNR: (d) vs. width W ; (e) vs. vs. pillar height Hp;
(f) vs. temperature T (same conditions as (a)-(c)). (g)-(i) Wave ratio of PGNR: (g) vs.
width W ; (h) vs. pillar height Hp; (i) vs. temperature T (same conditions as (a)-(c)).

Fig. 4a, Fig. 4b and Fig. 4c reveal variations in the thermal conduc-
tivity of PGNRs with width W , pillar height Hp and temperature T , as
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determined by MC and MD simulations. These discrepancies arise from the
computational approaches: MC simulations focus solely on particle effects,
where scattering in pillar reduces the mean free path of particles. In contrast,
MD simulations account for both particle and wave effects, including local
resonances or standing waves at the pillars, which influence heat transport
at the nanoscale. Comparing MC and MD results highlights the distinct
contributions of wave and particle effects.

Fig. 4d, Fig. 4e and Fig. 4f show how relative thermal conductivity
changes with width W , pillar height Hp and temperature T . The horizontal
line represents a relative thermal conductivity of 1. The reduction from
this line to the blue dashed line reflects particle effects, while the further
reduction to the red solid line indicates wave effects. Particle effects cause a
larger reduction in thermal conductivity compared to wave effects.

Our results indicate that particle effects lead to a greater reduction in
thermal conductivity than wave effects. This behavior contrasts with that
observed in silicon nanowires, where wave effects are dominant [31]. The
discrepancy can be attributed to the intrinsically high thermal conductivity
of graphene and the exceptionally long phonon mean free path. In PGNRs,
phonon transport is highly sensitive to boundary scattering. Particle effects
substantially shorten the phonon mean free path, leading to a pronounced
decrease in thermal conductivity.

Furthermore, the dimensionality of the systems contributes to this dif-
ference. Silicon nanowires are quasi-one-dimensional structures embedded in
three-dimensional space, while PGNRs are quasi-one-dimensional in a two-
dimensional plane. The latter supports fewer phonon modes, reducing the
likelihood of resonance hybridization. This structural difference explains why
wave effects are more prominent in silicon nanowires than in PGNRs.

Consistent with earlier studies, our results also show that wave effects
diminish as system size increases. For instance, [27] demonstrated that
the thermal conductivity of pristine graphene increases monotonically with
length in both MD simulations and PBTE calculations, with good agreement
between the two approaches. However, in nanoporous graphene, wave effects
weaken as the structure becomes larger. This is because wave-like behavior
is intrinsically linked to the phonon wavelength. When the characteristic
dimensions of the system greatly exceed the dominant phonon wavelengths,
phonon transport can be effectively described using a classical particle-based
model.

To highlight the influence of particle effects on the thermal conductivity
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of the structure, a graph of phonon trajectories was generated (Fig. 5a).
This phonon path diagram from the MC simulation clearly demonstrates
that the presence of pillars enhances phonon boundary scattering, leading to
a substantial reduction in the phonon mean free path and, consequently, the
thermal conductivity. As the pillar height Hp increases, this effect intensi-
fies, as a larger fraction of phonons undergo boundary scattering within the
pillars, thereby amplifying the contribution of particle effects. Fig. 5b shows
the ratio (lPGNR/lGNR) of the phonon mean free path (MFP) in PGNRs to
that in pristine GNRs as a function of width W and pillar height Hp. For
the black curve, the Hp is fixed at 0.86 nm while the W varies; for the blue
curve, theW is fixed at 1.72 nm while the Hp varies. The results demonstrate
that increasing Hp or decreasing W leads to a lower MFP ratio, indicating
enhanced boundary scattering and reduced transport efficiency due to dom-
inant particle effects.

Figure 5: (a) Particle effect mechanism: scattering with boundaries leads to a reduction
in the mean free path of phonons in MC simulation. (b) The ratio of the phonon mean
free path in PGNR to that in GNR as a function of width W and pillar height Hp. In the
case of varying W , the Hp is fixed at 0.86 nm (black curve); in the case of varying Hp, the
W is fixed at 1.72 nm (red curve).
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Phonon resonance and localization within PGNRs are key indicators of
wave effects, which also contribute to reduced thermal conductivity. When
the resonance frequency of a pillar interferes with the primary phonon fre-
quency, phonon transport within the pillar is suppressed, and nearby phonons
in the main structure are also affected. These phonons exhibit resonant hy-
brid modes, resulting in a reduced phonon group velocity, as shown in Fig.
6a and 6b, where the presence of the pillar causes a significant decrease in
the group velocity to decrease by a factor of three. This significant reduction
in group velocity further diminishes the thermal conductivity.

The thermal conductivity of PGNRs decreases with increasing pillar height
Hp for several reasons. First, a greater Hp introduces a larger number of
resonant modes, which significantly enhances phonon scattering, thereby
reducing thermal conductivity [30]. Second, taller pillars induce resonant
modes at lower frequencies [34], leading to increased hybridization in the
low-frequency range, which contributes more strongly to thermal transport
in low-dimensional systems. This enhanced hybridization disrupts coherent
phonon transport and further suppresses thermal conductivity. Moreover,
our observation is consistent with previously reported results for nanowires
with surface pillars, reinforcing the validity of this interpretation [81].

In Fig. 4f, the relative thermal conductivity of PGNRs calculated via
MD (κMD

rel ) exhibits a slight upward trend. Here, κMD
rel is defined as the ra-

tio κMD
PGNR/κ

MD
GNR. Although both κMD

PGNR and κMD
GNR decrease with increasing

temperature due to enhanced phonon–phonon scattering (see Fig. 4c), the
scattering in PGNRs is significantly stronger. As a result, the thermal con-
ductivity of PGNRs decreases more gradually with temperature, leading to
a slight increase in κMD

rel as temperature rises. From Fig. 4i, it can also be
observed that in the medium and low temperature regions, the wave ratio
decreases slightly with increasing temperature. This is attributed to two ef-
fects: shorter phonon wavelengths at higher temperatures and increased scat-
tering events, both of which undermine the coherence necessary for wave-like
phonon transport.

Fig. 4g shows that the wave ratio initially increases and then decreases as
the PGNR width W decreases. This trend occurs because the contribution
of phonon wave effects reaches saturation as the W decreases. Once satu-
rated, the wave effect contribution no longer increases, while pillar scattering
and boundary scattering continue to play a larger role in reducing thermal
conductivity as the W decreases.

As the W of PGNR increases, the wave ratio will eventually decrease,
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which is consistent with previous studies that the wave effects will decrease
with the increase in size, and for materials with large sizes, the wave effects
can be ignored [31]. As shown in Fig. 4h, as the Pillar height Hp increases,
the wave ratio will decrease monotonically, because the proportion of phonons
scattered in the pillar is increasing, which will lead to a significant decrease
in thermal conductivity and a relative decrease in the ratio of the wave effect.
As shown in Fig. 4i, the wave ratio decreases as the temperature rises. This
is due to the enhanced particle scattering at higher temperatures, which
disrupts wave effects.

The dispersion relations of phonons in GNR and PGNR are presented
in Fig. 6a, with the resonance hybridization modes indicated. The group
velocity of PGNR is effectively decreased by resonance hybridization (Fig.
6b). And the product of group velocity and DOS (Fig. 6c) is closely related
to the thermal conductivity. The integral of the product is calculated, and
the ratio (R) of the integral can show the decrease of group velocity by
resonance hybridization as

R =

∫
vPGNR
g (ω) · dos(ω)dω∫
vGNR
g (ω) · dos(ω)dω

. (10)

The dependence of R on the width of PGNR (W ) is shown in Fig. 6d.
The values of R decrease with the width for three structures with different
pillar height. The data is well-fitted by the sigmoid-like function:

R(W ) =
a

1 + exp[−b(W − c)]
+ 1− a, (11)

which satisfies the condition limx→∞R(W ) = 1, reflecting the convergence
of PGNR behavior to that of GNRs at large widths. In Eq. (11), the value
of c corresponds to the point at which the growth rate of R is maximal
(i.e., the steepest slope, as shown in Fig. S7 in SM 7). The parameter b
shows the sharpness of the transition, for example a larger value of b means a
steeper and narrower peak, indicating a more abrupt change in group velocity
behavior.

As shown in Fig. 6d, there is a characteristic value, c− 1/b, which corre-
sponds to the point where R begins to decrease slowly, signaling start of the
overlapping of two hybridization areas (see the middle structure in Fig. 6e).
That is, the width of PGNR is close to two times of resonance hybridization
depth. Then, the resonance hybridization depth (D) is

D = (c− 1/b)/2, (12)
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representing the spatial extent over which hybridization significantly modifies
the transport of phonons.

Figure 6: (a) Dispersion relations of phonons in GNR and PGNR. (b) Group velocity
comparison between GNR and PGNR, showing reduction in PGNR by resonance hy-
bridization. (c) The product of group velocity and DOS of phonons in GNR and PGNR.
(d) The ratio (R) of the integral of the product versus PGNR width for various pillar
heights. (e) Schematic of resonance hybridization depth in PGNR structures.

For PGNRs with pillar heights Hp = 0.43 nm, Hp = 0.86 nm and
Hp = 1.29 nm, the corresponding resonance hybridization depths are ap-
proximately D = 0.87 nm, D = 1.67 nm and D = 2.40 nm, respectively
(see Fig.6d). These findings demonstrate that taller pillars result in deeper
resonance hybridization, consistent with the expectation that stronger local
resonances induce broader spatial modulation of phonon modes.

This analysis confirms that the resonance hybridization depth is not a
universal constant but instead varies with structural parameters such as pillar
height.

The quantitative analysis of particle and wave effects provides a frame-
work for understanding how structural design influences thermal transport
in PGNRs. Identifying the dominant transport mechanism under specific ge-
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ometries enables the targeted optimization of pillar heightHp and periodicity.
This insight supports the design of thermal rectifiers with directional heat
flow and thermal management devices with tailored conductivity for efficient
heat dissipation. Specifically, particle effects can be harnessed to enhance
ballistic transport in short channels, while wave effects can be exploited to
engineer interference-based thermal barriers or filters.

4. Conclusion

This study quantitatively analyzed the respective roles of particle and
wave effects in phonon transport within pillared graphene nanoribbons (PGNRs)
by comparing Monte Carlo (MC) and molecular dynamics (MD) simulations.
The MC results demonstrate that the introduction of pillars significantly en-
hances phonon-boundary scattering, leading to a reduction in thermal con-
ductivity. In contrast, the MD simulations, which inherently capture both
particle and wave phenomena, reveal a more nuanced interplay between scat-
tering and resonance effects.

Our findings suggest that particle-like behavior plays a dominant role
in thermal transport suppression in graphene-based nanostructures. This
trend may be attributed to two key factors: (1) the intrinsically long phonon
mean free path in graphene renders heat transport particularly sensitive to
boundary scattering, and (2) the reduced dimensionality of PGNRs limits
the available phonon modes, thereby decreasing the likelihood of strong res-
onance hybridization. While these insights are supported by our simulations,
a more comprehensive understanding requires further investigation across a
broader range of material systems and structural configurations.

Future work will focus on evaluating the universality of the proposed
resonance hybridization depth as a metric for characterizing wave effects in
various pillared nanostructures. Additionally, we will examine the influence
of structural imperfections and temperature variations on phonon transport
and resonance behavior, aiming to deepen the understanding of thermal sta-
bility and scattering mechanisms in low-dimensional materials.
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Appendix A. Summary of Supplementary Material

The SM provides additional computational and methodological details
supporting this work:

SM 1 describes the construction of graphene’s phonon dispersion using
the empirical fifth-nearest-neighbor force constant (5NNFC) model, with the
corresponding force constants listed in Table S1.

SM 2 outlines the Monte Carlo (MC) simulation procedure, including
phonon initialization, drift, scattering, and thermal conductivity calculation.

SM 3 presents the setup of non-equilibrium molecular dynamics (NEMD)
simulations using the optimized Tersoff potential within the LAMMPS pack-
age.

SM 4 explains the estimation of the Debye temperature based on phonon
group velocities and integration over the phonon density of states (DOS).

SM 5 details the calibration of boundary roughness σ in MC simulations
using the Ziman-Soffer model to account for wavelength-dependent specular-
ity.

SM 6 clarifies that the PGNR width refers to the width of the GNR base
structure, excluding the height of the pillars.
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SM 7 illustrates the properties of the fitting function via graphical repre-
sentations.
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