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Abstract

This paper presents an updated comprehensive model for specular reflection
from a periodically rough boundary. The model accounts for both phase loss
and angular deviations of the reflected wave, enabling a statistical evaluation
of the specular reflection probability as a function of wavelength, roughness
amplitude, roughness period, and incident angle. Notably, the model reveals
oscillatory behavior in the specular reflection probability within the high-
frequency regime. The proposed formulation is further incorporated into the
Ziman model and applied in Monte Carlo simulations to evaluate thermal
conductivity.
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1. Introduction

Boundary roughness plays a critical role in nanoscale thermal trans-
port by influencing phonon boundary scattering and, consequently, thermal
conductivity[1]. At this scale, the distinction between specular and diffuse
phonon reflection becomes particularly important: specular reflection pre-
serves phonon momentum and sustains heat flux, whereas diffuse scattering
randomizes phonon trajectories and impedes thermal transport. Accurate
modeling of surface roughness is therefore essential for understanding and
predicting thermal behavior in nanostructured materials [2, 3].

Among the existing models, the concept of a specular reflection parameter
is widely used to quantify the probability of phonons undergoing specular
versus diffuse scattering at rough surfaces[4]. Casimir’s model [5] assumes
fully diffuse reflection, while Ziman [6] introduced a wavelength-dependent
specularity parameter p, which relates the phonon wavelength to the root-
mean-square (RMS) surface roughness. However, Ziman’s model assumes
normal incidence and neglects the effect of the roughness correlation length.
Soffer [7] later extended the theory to arbitrary incidence angles, although it
still assumes an infinitely long correlation length.

Recent studies have refined the specularity model by incorporating wave-
length dependence and RMS roughness, resulting in improved agreement
with experimental data [8-12]. However, experimental evidence shows that
the correlation length also plays a significant role. Lim et al. [13] demon-
strated that the specularity parameter p strongly depends on both RMS
roughness and correlation length, while Ravichandran et al. [14] highlighted
its pronounced wavelength dependence. To account for finite correlation
lengths, Maznev et al. [15] proposed a modified model, though it remains
limited to normal incidence. Many subsequent studies continued to simplify
phonon-boundary interactions by treating the specularity parameter p as a
constant, independent of phonon wavelength or surface morphology. This
oversimplification fails to capture the diverse scattering behavior of phonons
with different wavelengths and incident angles.

These limitations highlight a pressing need for more comprehensive mod-
els that accurately describe phonon—surface interactions across a range of ge-
ometries, wavelengths, and surface morphologies. Such models are essential
for a deeper understanding of nanoscale heat conduction mechanisms, partic-
ularly in regimes where confinement effects, ballistic transport, and coherent
phonon interference become significant. Without resolving these fundamen-



tal issues, it remains challenging to elucidate the interplay of particle-like
and wave-like phonon behavior and to rationally design nanostructures with
tailored thermal properties for next-generation thermal management appli-
cations.

Periodic roughness has also been experimentally realized in nanostruc-
tures [16], further revealing limitations of existing models. When periodic
surface features are present, both Lorentz gas simulations [17] and molecular
dynamics studies [18] report a non-monotonic dependence of thermal conduc-
tivity on roughness amplitude. These findings underscore the importance of
wave effects in phonon transport—effects neglected by conventional particle-
based models, which typically predict a monotonic decrease in conductivity
with increasing roughness. Because phonons have finite wavelengths, their
interaction with periodic structures is highly sensitive to the relationship
between wavelength and surface modulation, leading to constructive or de-
structive interference.

The Ziman—Soffer model, developed for randomly rough surfaces with
infinite correlation length, fails to capture these effects and is therefore inad-
equate for periodic structures. A more comprehensive theoretical framework
is needed—one that incorporates phonon wavelength, incidence angle, and
the geometric parameters of periodic roughness. Moreover, such a model
should account not only for boundary scattering but also for both specular
and backward reflections occurring at interfaces [19].

In this work, we introduce an improved reflection model for phonons in-
teracting with periodically rough boundaries. The surface is represented by
a sinusoidal profile, and the reflection behavior is derived based on statistical
phase disruption and angular deviation of the reflected waves. The resulting
expression yields a specularity parameter that depends on both wavelength
and angle, explicitly incorporating roughness amplitude and period. This
model generalizes the classical Ziman approach and is readily applicable to
Monte Carlo simulations. We apply the model to compute the thermal con-
ductivity of thin films with periodic surface features, revealing non-monotonic
trends consistent with wave interference effects.

2. Methodology

In this study, a theoretical and numerical framework is developed to de-
scribe phonon specular reflection from periodically rough surfaces, which are



commonly encountered in modern nanofabrication technologies. The surface
profile is assumed to follow a deterministic sinusoidal function:

h(z) = Asin (2%;5) , (1)

where A is the amplitude and L is the spatial period of the boundary rough-
ness.

2.1. Extended Ziman Model for a Periodically Rough boundary

As shown in Fig. la, when a plane wave with wavelength X is incident
on a rough boundary at angle 6, the height variation introduces a position-
dependent phase shift [20]:

4
Ap(z) = ~-h

The coherent amplitude of the specular reflection is then obtained by

averaging the phase factor over one boundary period:

(x) cos b, (2)
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where Jj is the zeroth-order Bessel function of the first kind. The deriva-
tion of this expression is provided in Appendix A.

The specular reflection probability (also referred to as the specularity
parameter) is then given by:

AmAcos
p= el = (0. (@)

2.2. An Updated Comprehensive Model

The Ziman and Soffer models, along with the model in the previous sec-
tion, consider only surface roughness amplitude while ignoring the horizontal
scale of roughness—referred to as the roughness period in this study. When
the period is explicitly included, the local surface inclination must be ac-
counted for. With respect to the local surface normal, the reflection angle
equals the incident angle; however, when measured relative to the vertical
axis, the reflection angle varies with position, as illustrated in Fig. 1b.

Thus, this updated model incorporates both the local phase difference
and the deflection of the reflected wave direction. Since we are interested
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Figure 1: (a) Extended Ziman model based on a periodically rough boundary; (b) Up-
dated comprehensive model including both roughness period and amplitude; (c¢) Diagram
showing valid incident angle ranges at different boundary positions.

in the coherent amplitude along the mirror reflection direction, the reflected
amplitude must be projected accordingly. The resulting expression is:

L

Ay = % /O ¢iB9(a) i (@) ~Fepec) 7(2) g (5)
where the integration is performed along the boundary profile, parameterized
by the horizontal coordinate x, which spans one spatial period of the surface
roughness. The vector Eout(x) represents the locally reflected wavevector,
which depends on the local surface slope. In contrast, Espec(x) corresponds
to the ideal specular reflection wavevector from a perfectly flat surface.
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The vector 7(x) represents the local position on the rough boundary:

0= (i) "

where x is the in-plane coordinate along the surface and h(z) is the corre-
sponding surface height.

The term (Ko (2) —Espec) -7(x) describes the geometric phase shift between
the actual and ideal reflected waves. This phase difference arises because the
direction of reflection varies locally due to surface roughness.

Each reflected wave at position z carries a phase e?2%(®) . gikout(z)7(@) hyt
since we are only interested in its component along the specular direction, we
apply a projection by multiplying e~ spec™(®) which leads to the final form:
eiAgo(x) . ei(’;out(ff)—gwec)';(if).

Locally reflected wavevector /;out(x) is computed by reflecting the incident
wave vector ki, with respect to the local normal vector 7i(z) [21]:

Ko () = hom — 2 [/2 : ﬁ(x)} 7(z). (9)

where, the local normal vector 7i(x) is

ii(z) = —HlT(a:)? (‘h;(”:)) , (10)

and incident wave vector is:

- 2w ( sin6;,
Fin = By (— cos Qin) ' (11)

It is important to note that at certain surface positions, the incident
angle cannot be arbitrary. In some cases, the wave may be blocked or yield
no physical reflection. Therefore, a geometric constraint must be enforced:
the incident angle must be greater than the local tilt angle at the point of
interaction, as illustrated in Fig. lc.



2.8. Monte Carlo Simulation

To evaluate the thermal effects of specular and diffuse scattering, we fur-
ther implement a Monte Carlo (MC) simulation of phonon transport based
on the Boltzmann Transport Equation (BTE) under the relaxation time ap-
proximation:

of (of
E " vg ‘ VFf a (E)scatt7 (12>

where f(7,k,t) is the phonon distribution function and Uy = VEW(E) is the
phonon group velocity.

In this method, phonon bundles are initialized according to the Bose-FEinstein
distribution and are propagated through the simulation domain. Each phonon
particle is assigned a wave vector E, polarization branch p, group veloc-
ity vy, and angular frequency w, and moves ballistically between scattering
events[12, 22].

Boundary scattering plays a crucial role in nanostructures. When a
phonon encounters a boundary, it may reflect specularly or diffusely depend-
ing on the local roughness, incident angle, and wavelength. The specularity
parameter p(A, L, \,0) € [0,1] defines the probability of specular reflection.
A random number R € [0,1] is drawn to determine the reflection type:

e If R < p, the phonon reflects specularly (mirror-like).

o If R > p, the phonon reflects diffusely, with a randomized outgoing
direction.

Scattering events, phonon-phonon interactions, and boundary collisions
are handled probabilistically, and energy exchange is tracked within spatial
cells. The total phonon energy in each cell is then converted to a local
temperature via [23-25]:

Een =Y Nihw; = T =T(E), (13)

where N; is the number of particles in mode i, and T'(F) is computed through
inversion of the Bose-Einstein distribution.



3. Results and Discussion

The corresponding local reflection angle 6., (), measured with respect to
the vertical axis, is extracted from the components of Eout(x). The relation-
ship between the calculated 0oy (), the incident angle 6;,, and the reflection
point position x is illustrated in Fig. 2.
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Figure 2: Relationship between reflection angle, incident angle, and collision position for
different roughness configurations: (a) amplitude 0.5 nm, period 10 nm; (b) amplitude 1.0
nm, period 10 nm; (¢) amplitude 5.0 nm, period 10 nm; (d) amplitude 1.0 nm, period 5
nm; (e) amplitude 1.0 nm, period 20 nm; (f) amplitude 1.0 nm, period 50 nm.

The blank regions in Fig. 2 correspond to incident angles that are not
physically meaningful, as previously analyzed in Fig. 1c. These regions in-
dicate cases where the incoming wave is either blocked or does not lead to a
valid reflection due to the steepness of the surface.

It is evident that the relationship between the reflection angle and the
incident angle varies depending on the collision point along the rough surface.
This variation illustrates the physical nature of diffuse reflection: the steeper
the contour, the lower the specular reflectivity; the flatter the contour, the
higher the specular reflectivity.

Figures 2a—c show that for a fixed roughness period, increasing the am-
plitude results in steeper contours and thus reduced specular reflection. Con-
versely, Figures 2d—f demonstrate that for a fixed amplitude, increasing the
period leads to flatter contours and enhanced specular reflection. These
trends are consistent with physical expectations.
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The results of the specular reflection probability as functions of wave-
length and angle of incidence are presented in Fig. 3. Figures 3a—c are based
on the extended Ziman model, which accounts only for the roughness am-
plitude, set to 0.5, 1.0, and 5.0 nm, respectively. Figures 3d-i are obtained
from the updated comprehensive model, which considers both the rough-
ness amplitude and period. In particular, Figs. 3d-f correspond to a fixed
roughness period of 10 nm, with amplitudes of 0.5, 1.0, and 5.0 nm, respec-
tively. Figs. 3g—i correspond to a fixed roughness amplitude of 1.0 nm, with
roughness periods of 5, 20, and 50 nm, respectively.
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Figure 3: Specular reflection probability p as a function of wavelength A and incident
angle 6i,. (a—c) Extended Ziman model with roughness amplitudes A = 0.5, 1.0, and
5.0 nm, neglecting the effect of roughness period. (d—f) Updated model with fixed period
L = 10 nm and amplitudes A = 0.5, 1.0, and 5.0 nm. (g-i) Updated model with fixed
amplitude A = 1.0 nm and periods L = 5, 20, and 50 nm.

From Figs. 3a—c and 3d-f, it is evident that increasing the roughness
amplitude significantly reduces the specular reflection probability. This is due
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to the stronger local phase differences and larger angular deflections caused
by steeper surfaces, which enhance diffuse scattering. In contrast, as shown
in Figs. 3a—c and 3g-i, increasing the roughness period has a comparatively
minor effect on specular reflection, particularly in the long-wavelength region.

However, a notable phenomenon appears in the short-wavelength region:
oscillations in the specular reflection probability as a function of wavelength.
This behavior arises from the interference effects among reflected wavelets
from different surface points. At short wavelengths, the phase differences be-
tween adjacent points become more sensitive to surface geometry, leading to
alternating constructive and destructive interference in the mirror direction.
These oscillations are especially pronounced when the roughness is periodic,
effectively acting like a phase diffraction grating.

In the context of phonon transport, these oscillatory features suggest that
specular reflection alone is not a smooth function of wavelength, especially
in the high-frequency regime. As such, a more accurate evaluation of its
influence on thermal transport should be based on cumulative effects, such
as those captured in Monte Carlo simulations or direct thermal conductivity
calculations. This would account not only for angle-dependent scattering but
also for energy transport across all phonon modes.

The in-plane thermal conductivity of films with rough surfaces, calcu-
lated using Monte Carlo simulations, is presented in Fig. 4. These results
correspond to films of varying thickness H. As shown in Fig. 4a, when the
roughness period L is fixed at 0.5 nm and 6 nm, the thermal conductivity
exhibits a monotonic decrease with increasing roughness amplitude. For ex-
tremely small amplitudes (A < 0.03 nm) and large amplitudes (A > 0.4 nm),
the influence of L becomes negligible, yielding nearly identical values for dif-
ferent roughness periods. Figure 4b illustrates the case where the roughness
amplitude is fixed at 0.1 nm and 0.4 nm. When A = 0.1 nm, the thermal
conductivity initially decreases and subsequently increases as L increases. In
contrast, for A = 0.4 nm, the effect of L is small, resulting in an almost flat
dependence.

When A takes intermediate values (0.03-0.4 nm), the thermal conduc-
tivity exhibits a non-monotonic dependence on L. This behavior can be
explained as follows: when the roughness period L approaches a small value,
the characteristic size of the surface roughness becomes smaller than the
wavelengths of most phonons. As a result, phonons become less sensitive
to the roughness features, leading to reduced scattering and an increase in
thermal conductivity. On the other hand, when L becomes large while main-
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Figure 4: In-plane thermal conductivity of films with varying thickness H, obtained from
Mounte Carlo simulations. (a) Dependence of thermal conductivity on roughness amplitude
A for fixed roughness periods L = 0.5 nm and L = 6.0 nm. (b) Dependence of thermal
conductivity on roughness period L for fixed amplitudes A = 0.1 nm and A = 0.4 nm.

taining a fixed amplitude, the surface becomes less steep, resulting in smaller
deflection angles during phonon reflection. This leads to reduced energy loss
and, consequently, higher thermal conductivity. Therefore, there exists an
intermediate roughness period at which the thermal conductivity reaches its
minimum.

4. Conclusion

In this study, we have developed an improved wave reflection model for
periodically rough surfaces that comprehensively accounts for both phase
interference and directional deflection effects. By introducing a position-
dependent reflected wave vector and projecting the phase contribution onto
the mirror reflection direction, the proposed model extends the classical Zi-
man framework and offers a more physically accurate estimation of the spec-
ular reflection probability.

Our results demonstrate that increasing the roughness amplitude markedly
suppresses specular reflection due to enhanced phase variation and increased
surface inclination. Importantly, the model captures oscillatory features in
the specularity at short phonon wavelengths, which arise from coherent in-
terference effects similar to diffraction in periodic structures.

The enhanced reflection model is successfully integrated into Monte Carlo
simulations of phonon transport. The simulation results reveal a non-monotonic
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dependence of thermal conductivity on the roughness period: thermal con-
ductivity is relatively high when the period is either very small or very large.
This behavior is attributed to the reduced phonon sensitivity to fine features
at small periods and diminished reflection-induced scattering at large periods
due to lower surface slopes.

Overall, the proposed model provides new insights into the role of pe-
riodic roughness in phonon-boundary interactions and offers a more robust
framework for predicting thermal transport in nanostructured materials.
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Appendix A. Bessel Function Expression for Specular Amplitude

In this appendix, we provide the detailed derivation of the coherent specu-
lar amplitude from a periodically rough surface with sinusoidal height profile.

As described in Section 2, the position-dependent phase shift introduced
by the surface is given by:

4 4 A 2
Ap(x) = Tﬂh(x) cosf = %OSH sin (%x) : (A.1)

The coherent amplitude of specular reflection is obtained by averaging
the complex phase factor over one period of the rough surface:

1 [t 1 [F 4 Acosf 2
coh = T /0 e dx L/ exp |i 3 sin | 2 dr. (A.2)

Let us define a dimensionless parameter:

4T A
o = mAcost (A.3)
A
and perform a change of variable:
2
b = %x = dr=——do
Substituting into Eq. (A.2), we get:
1 27 o
Acoh = — eesme dep. (A.4)
2m Jo

This integral is a standard definition of the zeroth-order Bessel function
of the first kind:

1 27 o
Jo(a) = —/ elsing g, (A.5)
2 Jo
Therefore, we obtain:
4mAcost
Acoh = JO <$> . (A6>
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