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ABSTRACT

In this study, lattice dynamics calculations based on the Neuroevolution Machine-learned Potential (NEP) were performed for three types
of silicon nanostructures: thin films, nanowires, and quantum dots. The temperature and size dependence of the specific heat capacity was
systematically examined. The results reveal a significant enhancement in the specific heat capacity of nanostructures at low temperatures
compared to bulk silicon, primarily due to phonon confinement, discrete energy spectra, and the emergence of low-frequency surface
vibrational modes. These findings underscore the dominant role of nonlinear acoustic phonons at low temperatures, with increasing
contributions from optical modes as the temperature rises. Notably, this work reports the temperature-dependent evolution of local fitting
exponents in the specific heat scaling relation C, ~ T"") for nanostructured systems. The high accuracy and computational efficiency of the
NEP model allow for detailed characterization of the complex phonon behaviors that govern thermal properties at the nanoscale.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0284002

I. INTRODUCTION

The temperature dependence of specific heat at low tempera-
tures plays a critical role in emerging technologies such as
quantum computing and deep space exploration." As a fundamen-
tal thermal property, specific heat governs energy storage and
thermal response. In quantum computing, nanostructured materi-
als may exhibit unusually high specific heat at milliKelvin tempera-
tures,”” leading to increased thermal excitations that shorten qubit
coherence times and reduce readout accuracy. In cryogenic space
applications, where temperatures approach absolute zero, nanocoat-
ings are employed to regulate heat flow. However, elevated specific
heat can compromise thermal buffering, potentially destabilizing
control systems.™”

A comprehensive understanding of phonon dynamics and
specific heat in nanostructures is critical for advancing thermal
management strategies and optimizing the performance of
next-generation nanoelectronic and quantum devices. Over the

past two decades, nanostructures such as thin films, nanowires, and
quantum dots have been extensively developed and have become
integral components of modern electronic and photonic systems.
While both electrical and thermal transport properties are of
considerable interest,”® the thermal behavior—particularly the
specific heat—of nanoscale systems often deviates substantially
from that of bulk materials due to pronounced confinement and
surface effects.”™"’

Experimental observations have consistently reported
enhanced specific heat in nanostructures at low temperatures.
Novotny and Meincke'”'” observed a marked increase in the spe-
cific heat of lead and indium nanoparticles as small as 2.2 nm in
the 1.5-15K range. Similar enhancements were reported in palla-
dium and vanadium powders with particle sizes below 10 nm,
though the presence of structural disorder and surface oxidation
introduces additional complexity in interpreting the results."*

On the theoretical front, studies of specific heat in nanostruc-
tures are primarily based on phonon dispersion and density of
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states (DOS) calculations. Wang et al.'” employed an elastic contin-
uum model that incorporates a weighted combination of Einstein
and Debye vibrational modes to assess the size and surface effects
on the specific heat of nanoparticles. McNamara et al.'® investi-
gated discrete vibrational modes in low-dimensional lattices, replac-
ing the Debye integral with a directional summation while still
assuming linear dispersion. Their results indicated that at low tem-
peratures, the specific heat of nanostructures is suppressed relative
to bulk, in contrast to experimental observations.

Huang et al.'” addressed this inconsistency by solving elastic
wave equations in confined directions to obtain discrete vibrational
modes and integrating over continuous directions for in-plane
modes. This approach led to the formulation of a low-dimensional
Debye model, where contributions from dilatational, flexural, and
shear waves were analyzed individually.

Using the dynamical matrix method with free boundary con-
ditions, Pascual-Gutiérrez et al.'® modeled the phonon modes of
confined silicon structures under the harmonic approximation with
environment-dependent potentials. Their findings indicated that
for silicon (111) thin films, size effects on specific heat vanish
when the thickness exceeds 10 nm, while for nanowires, the corre-
sponding threshold is around 5 nm. These size effects were found
to be most pronounced in the low-temperature regime.

Roslee et al.'” employed density functional theory (DFT) to
investigate the heat capacity of quantum dots. By analyzing modifi-
cations in the phonon density of states and considering elastic cou-
pling of atomic vibrations, they proposed a T3/2 scaling model for
specific heat, which was later extended to nanofilms and nano-
wires.”” The present authors have also previously explored tempera-
ture fluctuations in quantum dots based on these results.”’
However, that analysis did not account for the discrete nature of
phonon modes in confined systems, where allowed wavelengths are
constrained such that the system size equals an integer multiple of
half the wavelength.

DFT is currently one of the most accurate computational
methods at the atomic scale. However, its high computational cost
makes it impractical for systems containing a large number of atoms.
In contrast, traditional empirical potentials® offer high computa-
tional efficiency but often suffer from limited accuracy due to their
fixed functional forms and small number of fitting parameters. In
recent years, machine-learned interatomic potentials have emerged
as a powerful alternative, combining the accuracy of first-principles
methods with the efficiency of empirical models. In particular, the
Neuroevolution Machine-learned Potential (NEP), developed based
on neuroevolution strategies, has been widely adopted in a range of
applications—including thermal transport—due to its combination
of high accuracy and computational efficiency.””

In this study, lattice dynamics simulations are performed for
three classes of nanostructures—thin films, nanowires, and quantum
dots—using the NEP model, a pre-trained machine-learned potential
developed using training data from ab initio calculations of silicon.””
The size- and temperature-dependent behavior of specific heat is sys-
tematically analyzed across low to intermediate temperature ranges.
For quantum dot systems, the specific heat is obtained through sum-
mation over discrete energy levels. Notably, the temperature evolu-
tion of the local fitting exponent in the relation C, ~ T™D) is
reported for the first time, providing new insights into the complex
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thermal behavior of nanostructured materials, enabled by the high
accuracy of machine-learning-based potentials.

Il. MODEL AND METHODOLOGY

As illustrated in Fig. 1, the unit cells of three representative
silicon nanostructures—(a) and (b) thin films with thickness H, (c)
and (d) nanowires with square cross-sectional width D, and (e) and
(f) quantum dots with side length L—are constructed for lattice
dynamics calculations. The size of the unit cell along the periodic
direction for the thin film is twice that of the primitive unit cell of
bulk silicon, whereas for the nanowire it is identical to that of the
conventional bulk unit cell. Vacuum layers are applied along the
confined directions to eliminate interactions between periodic
images. The configurations shown correspond to the initial, unre-
laxed atomic structures. Upon structural optimization (relaxation),
surface atoms rearrange to reach the lowest-energy stable

(a) Front view

(b) Side view

(d) Oblique View (45°)

<L

V2D

(f) Oblique View (45°)

I » p L=1.09nm

FIG. 1. (a) Front view and (b) side view of the unit cell for the silicon thin film
with a thickness H = 1.09 nm and 2 x 2 surface reconstruction; (c) front view
and (d) 45° oblique view of the unit cell for the silicon nanowire with a square
cross-sectional width D = 1.09 nm; (e) front view and (f) 45° oblique view of
the full structure of the cubic silicon quantum dot with a side length
L =1.09 nm.
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configurations, consistent with previous theoretical studies.”>*” The The lattice specific heat at constant volume is given by
structural stability is preliminarily verified by confirming the
absence of imaginary phonon frequencies in the dispersion rela- 8fBE(wq & T)
tions. To further assess the accuracy of the NEP, Appendix A pro- G -y Z Z hargs > ©)

vides a comparison between the phonon dispersion relations of a
~1 nm thick silicon film obtained using NEP model and those cal-
culated from DFT.

Lattice Dynamics in Reciprocal Space is well suited for peri-
odic systems such as bulk crystals, thin films, and nanowires, where
translational symmetry allows the use of phonon wavevectors

where fpr(w, T) denotes the Bose-Einstein distribution function.

To simplify the summation, the expression can be transformed
into an integral over phonon frequencies by introducing the
phonon density of states DOS(w),

within the Brillouin zone. This approach significantly reduces the e Ofs(@, T)

computational cost by diagonalizing the dynamical matrix at a C,(T) :r thEai’ DOS(w) do. 7)
finite number of k-points. Lattice Dynamics in Real Space, on the 0 r

other hand, is requireq for quantum dots,' which lack translation.al Here, DOS(0) is defined as

symmetry. In such finite systems, the entire force constant matrix

must be constructed and diagonalized in real space to obtain dis- 1

crete vibrational modes. DOS(w) = v ; 80 — w4), (8)

A. Lattice dynamics in reciprocal space where the summation is over all g-points in the Brillouin zone and

The analysis begins with the equation of motion under the all phonon branches s and ¢ is the Dirac delta function.
harmonic approximation,

myiig (1, k, t) Zd)aﬁ (e, TR Yug(, K, 1). (1)
I'KB B. Lattice dynamics in real space

Quantum dots, being finite systems without translational sym-
metry, require a real-space formulation. For an N-atom system, the
equation of motion for each atom i in Cartesian direction o is
expressed as

Here, I denotes the lattice vector identifying the position of a unit

cell in the crystal and k indexes atoms within the unit cell, where

k=1,2,,s for s atoms per unit cell. The indices & and j represent

Cartesian components (x, y, z), and @Ik, I'K') are the compo-

nents of the interatomic force constant matrix, describing the inter-

action between atom k in cell I and atom k" in cell I'. miif () = — Z D51, j)uf(t), 9
Assuming a Bloch-wave solution of the form j
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L igl-on where ®,4(i, j) are the elements of the force constant matrix
ua(l k, 1) = \/m_ke Aalk, ), &) describing interactions between components ¢ and f of atoms i
and j, respectively. The full matrix H, assembled from all such ele-

and utilizing translational symmetry, such that ®(lk, I'K) ments, is symmetric and Of si;e 3N X 3N. o
= @yp(k, k'; R) with R =1' — I, the phonon eigenvalue problem is Assuming a harmonic time dependence u{(f) = A7e”" and
obtained as substituting into Eq. (8), the following eigenvalue equation is

obtained:
(A, @) =Y Dap(k, K'; As(K, ), (3) L Ny

s mw?AY = = " Dyp(is AL (10)

where the dynamical matrix is defined as
This can be written in matrix form as

Dok, K's q) = @5k, K'; R)TR. 4) _
B \/—Z ap M'H A, =’ A, 11)
In matrix notation, the eigenvalue equation becomes where M is a diagonal mass matrix with entries M;; = m; and A, is
the polarization vector corresponding to the nth normal mode with
D(q) - A(q) = 0*(q) - A(q). (5)  frequency ,.
Solving this generalized eigenvalue problem yields 3N discrete
For each wave vector q in the first Brillouin zone, this eigen- vibrational modes, which constitute the vibrational spectrum of the

value problem yields 3s phonon branches, where s is the number of ~ finite system. Since periodicity is not introduced in this approach,
atoms per unit cell and the factor of 3 accounts for the three the wave vector q is absent, and the expression for the specific heat
degrees of freedom per atom. capacity in Eq. (6) becomes a summation over the discrete set of
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eigenfrequencies,

N
zh afBE wna T) (12)

This formulation is particularly suitable for systems without trans-
lational symmetry, such as nanoclusters, molecules, and quantum
dots.

C. Computational details

The total energies and atomic forces of the optimized silicon
nanostructures were calculated using the NEP model.”” The har-
monic force constants were subsequently extracted via the finite
displacement method implemented in the PHoNoPY package.’'

For bulk silicon, thin films, and nanowires, the real-space
force constants were transformed into reciprocal space to construct
the dynamical matrix, and the phonon frequencies were obtained
by solving the corresponding eigenvalue problem. In contrast, for
quantum dots, which lack translational symmetry, the eigenvalues
of the full real-space force constant matrix were computed directly.

For a quantum dot containing 64 atoms (L = 1.09 nm), the
calculation takes approximately 2s. For 512 atoms (L = 2.17 nm),
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it takes about 56s. For 1728 atoms (L = 3.26 nm), the calculation
requires approximately 105 min.

After determining the phonon frequencies, the phonon
density of states and the temperature-dependent specific heat
capacity were calculated through statistical sampling of the vibra-
tional spectrum.

lll. RESULTS AND DISCUSSION

Figure 2 presents the temperature-dependent specific heat
capacity of silicon nanostructures with varying geometries, includ-
ing thin films of different thicknesses H, nanowires with square
cross-sectional widths D, and quantum dots of side lengths
L. Across all nanostructures, a consistent enhancement in specific
heat capacity is observed at low temperatures compared to bulk
silicon. Furthermore, this enhancement becomes increasingly pro-
nounced as the structural size decreases. This behavior is attributed
to the dominant contribution of long-wavelength, low-frequency
phonons in confined systems (see Fig. 3), which play a significant
role in thermal properties at low temperatures.

The Debye model assumes a linear phonon dispersion,
leading to a quadratic phonon DOS. As a result, the specific heat
exhibits a cubic temperature dependence at low temperatures, as
shown by the black dashed line in Fig. 2. The red markers represent

Thin Film Nanowire Quantum Dot
Q 106 (a) 106 (b) 1064 (c)
g 10354 1034 105
S —— H=1.09 nm
© — H=163nm —— D=1.09 nm — L=1.09nm
o 10% — H=217nmm 1044 —— D=1.63nm 1044 — L=163nm
< —— H=326nm — D=217nm — L=217nm
v —— H=5.43nm —— D=3.26nm —— L=3.26nm
& 1034 H =10.86 nm 1034 — D=543nm 1034 — L=543nm
bl — bulk (NEP) — bulk (NEP) — bulk (NEP)
Q == bulk (Debye) == bulk (Debye) == bulk (Debye)
[7p] 102' 7 *  bulk (Exp.) 102' V3 *  bulk (Exp.) 102' 7 *  bulk (Exp.)
101 102 103 101 102 103 10! 102 103
4

£3

<]

3

£ 2]
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=]
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Temperature (K)

Temperature (K)

Temperature (K)

FIG. 2. (a)-(c) Temperature dependence of the specific heat capacity for silicon nanostructures of various sizes, along with bulk results obtained using the NEP model,
Debye model, and experimental data, and (d)—(f) the corresponding temperature-dependent fitting exponent n in the relation C, ~ T". Specifically, (a) and (d) show
results for thin films with different thickness H; (b) and (e) for nanowires with different square cross-sectional widths D; and (c) and (f) for quantum dots with different side

lengths L.
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the experimental data of bulk silicon’s specific heat, which show
excellent agreement with the NEP model calculations presented in
this work.

The underlying mechanisms can be further elucidated by ana-
lyzing the phonon DOS, as shown in Fig. 3. For thin films with a
thickness of approximately 1 nm [Fig. 3(a)] and nanowires with
lateral dimensions around 1 nm [Fig. 3(b)], multiple peaks emerge
due to internal standing waves and surface phonon modes. In the
case of quantum dots [Fig. 3(c)], the vibrational spectrum becomes
fully discrete as a result of strong confinement, with the density of
discrete frequencies qualitatively representing the DOS, even
though individual frequency values lack direct physical
significance.

The observed enhancement in low-temperature specific heat
can also be understood from a dimensionality perspective. As illus-
trated in Figs. 2(a)-2(c), structures of lower dimensionality exhibit
higher specific heat at low temperatures. This trend is consistent
with the predictions of the extended Debye model for low-
dimensional systems,'” which suggests scaling laws of C, oc T? for
two-dimensional structures and C,oc T for one-dimensional
systems in the low-temperature limit.

However, both the classical Debye model and its extended
forms assume purely linear acoustic dispersion and neglect optical
branches, which limits their accuracy. In contrast, the present study
fully incorporates the actual nonlinear acoustic branches—particu-
larly important at low temperatures—as well as optical branches,
which contribute significantly at intermediate and high tempera-
tures. This comprehensive treatment allows for a more accurate
description of the specific heat behavior across a wide temperature
range.

In addition to the confinement effects observed in nanostruc-
tures, bulk silicon also exhibits deviations from the Debye model,
as shown in Fig. 2. At low temperatures, these deviations arise from
the inclusion of nonlinear acoustic branches in our calculations,
while the Debye model assumes linear dispersion. At intermediate
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approximation—become increasingly important. As the tempera-
ture approaches zero, the contribution of only long-wavelength
acoustic phonons near the I' point remains, which exhibits nearly
linear dispersion; consequently, the Debye model becomes valid in
this regime.

To further quantify the low-temperature behavior, we extract
the temperature-dependent fitting exponent n from the relation
C, ~ T"D as shown in Figs. 2(d)-2(f). The exponent was deter-
mined through local fits over five-point temperature intervals.
Validation tests confirmed that using fitting windows ranging from
3 to 20 temperature points yields nearly identical results, indicating
that the choice of window size has a negligible influence on the
extracted values. Notably, for nanostructures, n does not stabilize
even at very low temperatures. This is due to the persistence of
nonlinear dispersion near the I" point arising from flexural modes.

In low-dimensional systems such as thin films and nanowires,
flexural phonon modes exhibit nonlinear dispersion near the I'
point. This deviation from linear behavior leads to a density of
states (DOS) that no longer follows a simple power-law form.
Consequently, the integral expression for the specific heat does not
yield a constant temperature exponent. As the temperature
increases, phonons across a wider range of frequencies are ther-
mally excited, effectively allowing the system to “sample” different
regions of the dispersion relation. This results in a temperature-
dependent heat capacity of the form C,(T) ~ T™T) | where the
exponent #n(T) is no longer constant but evolves with temperature.

To the best of our knowledge, the temperature dependence of
the exponent # is systematically presented here for the first time. In
all cases, n increases with temperature, reaches a peak around 20 K,
and subsequently decreases. For example, for a film with a thick-
ness of approximately 1 nm, » increases from 1.5 at low tempera-
tures to about 3 at 20 K before decreasing. For films thicker than
2nm, n exceeds 3 at 20 K. For a nanowire with a lateral size of
1 nm, » rises from 1 to approximately 2 at 20 K. In the case of a 1
nm quantum dot, n increases from 0.5 to around 1.5. For compari-

temperatures, optical branches—neglected by the Debye son, the curve for bulk silicon is also provided, demonstrating that
3.0.lel6 Thin film Nanowire Quantum Dot
i ———x ——rrr T
(a) —— Bulk NEP = (b) —— Bulk NEP " (C — Bulk NEPnm
2.5
£ 2.0/
o]
°
% 1.51
=
n 101
o 1.0
[a]
0.5
0.0- | ctoulio e [T ’m' AT i
0 20 40 60 80 0 20 40 60 80 0 20 40 60 80 100

Frequency (rad/ps)

Frequency (rad/ps)

Frequency (rad/ps)

FIG. 3. Phonon density of states (DOS) for different nanostructures: (a) thin film with a thickness of 1.09 nm, (b) nanowire with a square cross section of width 1.09 nm,

and (c) quantum dot with a side length of 1.09 nm, compared with bulk silicon.
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as the structural size increases, the behavior of nanostructures grad-
ually converges toward that of the bulk.

The non-monotonic behavior of the exponent n(T) results
from the sequential thermal activation of different phonon modes.
At low temperatures, specific heat is primarily governed by low-
frequency flexural modes with nonlinear dispersion, leading to a
small value of n(T). As the temperature increases, phonon modes
with steeper dispersion become thermally active, causing n(T) to
rise. At even higher temperatures, high-frequency optical modes
with flatter dispersion start to contribute. Since these modes exhibit
weaker temperature dependence, they reduce the rate of growth of
the specific heat, resulting in a gradual decrease in n(T) at elevated
temperatures.

Since thermal conductivity is proportional to the product of
specific heat, phonon group velocity, and phonon mean free path,
the temperature dependence of specific heat can significantly affect
thermal transport—particularly at low temperatures, where devia-
tions from bulk behavior are more pronounced in low-dimensional
systems. However, in nanostructures, quantum confinement and
size effects significantly reduce both phonon group velocity and
mean free path.”” As a result, the enhancement in specific heat may
not necessarily lead to an increase in thermal conductivity.

To ensure numerical accuracy, convergence tests were per-
formed for both the Brillouin zone mesh density and the frequency
bin width used in the DOS calculations. Figures 4(a) and 4(c) show
that a 120 x 120 x 120 grid yields fully converged results, even at
very low temperatures. Similarly, Figs. 4(b) and 4(d) demonstrate
that a frequency bin width of 0.05 THz is sufficiently fine to ensure
reliable accuracy in the specific heat calculations.

For bulk silicon, the fitting exponent n also reaches a
maximum near 20 K, indicating the most rapid variation in specific
heat with temperature. Below 40 K, n exceeds the Debye value of 3,
reflecting a steeper increase. As the temperature further decreases,
n gradually approaches 3. Above 40 K, n falls below 3, indicating a

1051(B)
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FIG. 4. Convergence tests for heat capacity calculations of bulk silicon.

ARTICLE pubs.aip.org/aip/jap

saturation trend. At high temperatures, the specific heat approaches
a constant value, corresponding to # ~ 0.

IV. CONCLUSION

In this work, the temperature- and size-dependent specific
heat capacity of silicon nanostructures at low and intermediate tem-
peratures was systematically investigated using the NEP framework.
The results clearly demonstrate that, due to phonon confinement,
discrete energy levels, and the presence of low-frequency surface
phonon modes, all nanostructures exhibit an enhanced specific
heat capacity at low temperatures compared to bulk silicon, with
this enhancement becoming more pronounced as the structural
size decreases.

The analysis reveals that nonlinear acoustic branches dominate
the thermal behavior at low temperatures, while optical phonon
branches contribute significantly at intermediate and higher tem-
peratures. Notably, this study presents, for the first time, the
temperature-dependent evolution of the local fitting exponent # in
the relation C, ~ T" for various nanostructures. The application of
a machine-learning-based interatomic potential enables accurate
and detailed characterization of the phonon spectrum, capturing
the intricate and nontrivial temperature dependence of specific
heat capacity. Although silicon was used as the model system in
this work, the methodology and the key findings regarding the
temperature-dependent specific heat capacity and the evolution of
n(T) are general and can be extended to other nanostructured
materials with similar phonon confinement effects.

These findings provide important insights into the thermal
properties of low-dimensional systems and underline the relevance
of n(T) to quantum thermal management and nanoscale heat
capacity engineering, where controlling the temperature depen-
dence of specific heat can enable optimized thermal energy storage,
transfer, and dissipation at the nanoscale. They offer valuable guid-
ance for the design and optimization of nanoscale devices with tai-
lored thermal management characteristics.
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APPENDIX A: VALIDATION OF NEP

To evaluate the accuracy and reliability of the NEP model in
predicting phonon-related thermal properties, we compare the
phonon dispersion, DOS, and specific heat obtained using NEP
with those from first-principles DFT calculations. As shown in
Fig. 5, both methods produce generally consistent results for a
silicon thin film with a thickness of 1.09 nm, confirming that NEP
is capable of efficiently and accurately simulating the lattice dynam-
ics of low-dimensional silicon nanostructures.

Although there are some noticeable deviations in the phonon
dispersion curves—particularly for acoustic phonons near the I'
point—we emphasize that this discrepancy has limited impact on
the thermal properties of interest. Figures 5(c) and 5(d) show that
the specific heat of bulk silicon computed using NEP closely
matches the DFT result. For the 1.09 nm film, the specific heat
values from NEP and DFT are also in good agreement, with
only minor differences. Moreover, the temperature dependence
of the effective exponent n(T), obtained from the power-law
relation C, ~ T"D, exhibits similar trends for both methods.
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FIG. 5. Comparison of phonon dispersion relations and density of states for a
silicon thin film approximately 1 nm thick, obtained using the NEP and DFT.
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These findings support the conclusion that the NEP model remains
reliable for capturing the key thermal behaviors discussed in this
work.

APPENDIX B: DETAILED DISPERSION ANALYSIS

The phonon dispersion relation of the 2.17 nm-thick film and
a close-up near the I" point are shown in Fig. 6. In the zoomed-in
view, three acoustic branches can be identified: two with linear dis-
persion and one with quadratic dispersion. These correspond to
shear horizontal (SH), longitudinal (L), and flexural (F) modes,
respectively. The flexural mode typically emerges in thin films with
small thicknesses.
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FIG. 6. The phonon dispersion relation of the 2.17 nm-thick film and a close-up
near the T" point.

APPENDIX C: ANALYSIS AT DIFFERENT
TEMPERATURES

Figure 7 shows the normalized cumulative specific heat capac-
ity for silicon thin films and bulk (NEP model and Debye model)
at various temperatures. At low temperatures, the specific heat
capacity is dominated by low-frequency, long-wavelength phonons,
which are predominantly acoustic. As the temperature increases,
higher-frequency phonons increasingly contribute to the heat
capacity. Notably, at T = 10K, the bulk heat capacity from the
NEP model closely matches that from the Debye model, whereas at
T = 20K, a significant deviation appears, indicating that optical
modes start to play a non-negligible role from around 20 K.
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