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ABSTRACT

Thermal management in nanostructured devices necessitates the accurate and efficient prediction of phonon transport properties. However,
solving the Boltzmann transport equation via first-principles calculations is often computationally prohibitive due to the extensive supercells
required to model realistic nanostructures. In this work, we present an accelerated, automated workflow that synergizes neuroevolution
potentials with compressed sensing techniques to efficiently extract high-order anharmonic force constants. We validate this approach using
silicon thin films as a prototype, explicitly accounting for the complexities of surface reconstruction. Our results demonstrate that this
framework achieves accuracy comparable to density functional theory while reducing the computational cost by several orders of magnitude.
The workflow successfully reproduces phonon dispersion relations and captures the temperature- and size-dependent trends of lattice
thermal conductivity, incorporating the critical contribution of inter-mode coherence. This methodology offers a scalable and robust
solution for the high-throughput thermal characterization of low-dimensional materials.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0324012

I. INTRODUCTION

In the post-Moore era, as micro- and nanoelectronic devices
approach atomic limits, thermal dissipation has become a critical
bottleneck limiting the performance and stability of high-power
chips.1,2 Unlike bulk materials, thermal transport in nanostructures
is governed by strong phonon boundary scattering3–7 and spatial
confinement effects,8–12 resulting in intrinsically size-dependent
properties. Accurate prediction of lattice thermal conductivity (κ)
in this regime is, therefore, essential, not only for elucidating
microscopic transport mechanisms but also for guiding the thermal
design of next-generation devices.

The first-principles phonon Boltzmann transport equation (BTE)
constitutes the standard framework for such calculations.13–18

Although the iterative solution of the BTE is required for full accuracy,
the relaxation time approximation (RTA) provides a reliable descrip-
tion for systems dominated by resistive Umklapp (U) scattering. While

the BTE treats anharmonic scattering rigorously, its application is
severely constrained by the computational cost of extracting high-order
interatomic force constants (IFCs).15 Standard finite-displacement
methods (FDMs) based on density functional theory (DFT) scale
steeply with system size [typically O(N3) to O(N4)].15,16,19 This scaling
creates a prohibitive barrier for low-dimensional nanostructures, where
supercells containing hundreds of atoms are necessitated to capture
surface reconstructions and decouple periodic images. At this scale,
direct DFT approaches become computationally intractable.

Machine learning potentials (MLPs) provide a robust pathway
to circumvent this efficiency-accuracy trade-off.20–29 By construct-
ing the potential energy surface (PES) from DFT training data,
MLPs enable simulations of large-scale systems with ab initio accu-
racy at a fraction of the cost. Among these, Neuroevolution
Potentials (NEP)30–32 are particularly notable for their exceptional
computational throughput and transferability.33–35 Their capacity
to model complex many-body interactions allows them to surpass
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standard empirical force fields, making them ideally suited for
describing the anharmonic features inherent to nanostructures.36–39

Complementary to efficient PES exploration, compressed
sensing (CS) offers a rigorous method for handling the combinato-
rial complexity of force constant extraction. Unlike FDM, which
necessitates exhaustive sampling of the configuration space,
CS-based tools like HiPhive40,41 exploit the physical sparsity of the
interaction space. By recovering force constants from a minimal set
of reference configurations, CS renders the extraction process feasi-
ble even in data-scarce regimes.

Despite these advances, applying these techniques to realistic
nanostructures presents unique challenges. Systems undergoing
surface reconstruction involve symmetry breaking and increased
degrees of freedom,42 which hinder efficient sampling of the PES.
For such low-symmetry systems, a unified workflow that tightly
couples high-fidelity MLP sampling with sparse parameter extrac-
tion is imperative to rigorously predict thermal properties.

The transport formalism itself also requires an update.
Standard BTE relies on a particle picture that misses inter-band
coherence effects. In nanostructures, however, surface reconstruc-
tion leads to extensive band folding and mode mixing, making
these wave-like contributions significant.5 The Wigner transport
equation (WTE) is, thus, essential to rigorously treat both particle
and wave nature of heat transport.43,44

In this work, we present an integrated computational frame-
work coupling NEP with CS to accelerate the prediction of phonon
transport properties. We validate this methodology on silicon thin
films, explicitly accounting for surface reconstruction effects. Our
results demonstrate that this approach reproduces DFT-level
phonon dispersion and lattice thermal conductivity calculated via
the WTE formalism, all while reducing computational costs by
several orders of magnitude. This framework provides a practical
and scalable route for the high-throughput thermal characterization
of complex, low-dimensional materials.

II. METHODOLOGY

In this work, we present an automated workflow for high-fidelity
predictions of lattice thermal conductivity. As illustrated in Fig. 1, our
approach couples the computational efficiency of NEP with the sparse
sampling capabilities of compressed sensing. The workflow consists of
five key stages: (1) training the NEP model; (2) system construction
and relaxation; (3) extracting second- and third-order IFCs via CS or
FDM; (4) enforcing physical symmetries through rotational sum rules;
and (5) solving the WTE to evaluate transport properties.

A. Neuroevolution potential model

To address the scaling limitations of direct DFT calculations,
we employ the NEP framework.30 The NEP model efficiently con-
structs a high-dimensional PES by mapping local atomic environ-
ments to site energies via a feed-forward neural network.

The local environment of atom i is encoded by a descriptor

vector qi ¼ {qiν}
Ndes

ν¼1, containing both radial and angular compo-
nents. The site energy Ui is computed through a single hidden
layer with Nneu neurons,

Ui ¼
XNneu

μ¼1

w(2)
μ tanh

XNdes

ν¼1

w(1)
μν q

i
ν þ b(1)μ

 !
þ b(2), (1)

where w and b denote the weight matrices and bias vectors, respec-
tively. The model parameters are optimized by minimizing a loss
function L(z) that includes contributions from energies, forces, and
virial tensors,

L(z) ¼ λeΔERMSE þ λfΔFRMSE þ λvΔVRMSE þ Lreg: (2)

Here, Lreg represents L1 and L2 regularization terms included to
prevent overfitting. This architecture enables the NEP to describe

FIG. 1. Schematic of the accelerated computational workflow for phonon transport calculations. Starting from the input POSCAR (the crystal structure input file used in VASP) and
NEP model, the structure is relaxed and expanded into a supercell. Displaced configurations are then generated either via Monte Carlo rattling (for HiPhive) or via finite displace-
ments (for Phono3py). The resulting forces and configurations are used to extract second- and third-order interatomic force constants (IFCs). These IFCs serve as inputs to the
Wigner transport equation (WTE) solver, yielding phonon dispersion, group velocities, scattering rates, and the decomposed lattice thermal conductivity κp and κc .
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complex many-body interactions with ab initio accuracy while
maintaining the computational speed required for extensive phase
space sampling.

B. Force constants and compressed sensing extraction

The lattice vibrational properties are described by the Taylor
expansion of the potential energy U with respect to atomic dis-
placements u,

U ¼ U0 þ 1
2!

X
ij

Φαβ
ij u

α
i u

β
j þ

1
3!

X
ijk

Φαβγ
ijk uαi u

β
j u

γ
k þ � � � : (3)

Here, Φαβ
ij and Φαβγ

ijk denote the second-order (harmonic) and
third-order (anharmonic) IFCs. Calculating these high-order terms
is computationally demanding due to the combinatorial growth of
degrees of freedom. Traditional over-determined approaches scale
steeply (O(N3)) with the supercell size.

To overcome this bottleneck, we employ CS as implemented
in the HiPhive package.40 This method exploits the intrinsic physi-
cal sparsity of the force constant vector Φ, specifically, the rapid
decay of interaction magnitudes with interatomic distance. The
extraction is formulated as a linear inverse problem F ¼ MΦ,
where F is the force vector computed by the NEP model and M is
the sensing matrix derived from atomic displacements.

We solve this under-determined system using a recursive
feature elimination (RFE) algorithm combined with the least abso-
lute shrinkage and selection operator (LASSO). This iterative
process isolates physically significant non-zero interaction terms
while eliminating irrelevant parameters. The training set is gener-
ated via a Monte Carlo rattling method, where atoms are randomly
displaced (amplitude � 0:01Å for harmonic terms, larger for
anharmonic) to efficiently sample the PES. This workflow allows
for the robust recovery of full IFCs at a significantly reduced com-
putational cost compared to systematic enumeration.

C. Rotational sum rules

Following the extraction of force constants, we strictly enforce
rotational sum rules to ensure the physical consistency of the
phonon spectrum, particularly the acoustic branches near the Γ
point. We apply the Born–Huang invariance condition,

X
j

Φαβ
ij r

γ
j ¼

X
j

Φαγ
ij r

β
j , (4)

which ensures the invariance of potential energy under rigid body
rotations. Additionally, to properly describe flexural modes in low-
dimensional structures, we enforce the higher-order Huang invari-
ances,

X
ij

Φαβ
ij r

γ
ijr

δ
ij ¼

X
ij

Φγδ
ij r

α
ij r

β
ij , (5)

where rij is the relative position vector. These constraints are indis-
pensable for obtaining accurate elastic properties and stabilizing
low-frequency phonon modes.

D. Wigner phonon transport calculation

To account for both particle-like propagation and wave-like
coherence effects in phonon transport, we employ the WTE formal-
ism.43,44 This approach generalizes the standard Boltzmann theory
by decomposing the lattice thermal conductivity tensor into two
contributions: a population term (κ p) and a coherence term (κc),

καβ ¼ καβ
p þ καβ

c : (6)

The population term (κ p) corresponds to the conventional
transport of phonon wavepackets described by the BTE. This con-
tribution is given by

καβ
p ¼ 1

VkBT2

X
λ

(ℏωλ)
2vαλF

β
λ�nλ(�nλ þ 1), (7)

where λ ; (q, j) denotes a phonon mode with wave vector q and
branch index j, ωλ is the frequency, V is the system volume, and �nλ
represents the equilibrium Bose–Einstein distribution. The vector
Fλ represents the linearized deviation of the phonon distribution.
Under the RTA, Fλ ¼ vλτRTAλ , where τRTAλ is the inverse of the total
scattering rate. While the RTA is computationally efficient and
remains accurate for systems where U scattering is dominant, a
more rigorous determination of Fλ requires an iterative solution of
the BTE. In such cases, Fλ ¼ vλτeffλ , where τeffλ is the effective relax-
ation time obtained by solving the full collision matrix.

The coherence term (κc) captures the heat flux arising from the
tunneling between distinct phonon eigenstates. This term plays a sig-
nificant role in systems with complex unit cells or significant band
folding and is calculated using the off diagonal elements of the veloc-
ity operator,

καβ
c ¼ ℏ2

VkBT2

X
λ=λ0

ωλ þ ωλ0

2
vαλλ0v

β
λλ0Aλλ0 (Γλ þ Γλ0 ): (8)

Here, vαλλ0 represents the off diagonal velocity matrix element between
modes λ and λ0 in direction α. The spectral function Aλλ0 , which
governs the overlap of the generalized Lorentzian spectral lines of the
two interacting modes, is explicitly given by

Aλλ0 ¼
ωλ�nλ(�nλ þ 1)þ ωλ0�nλ0 (�nλ0 þ 1)

4(ωλ0 � ωλ)
2 þ (Γλ þ Γλ0 )

2 , (9)

where Γλ is the phonon linewidth (i.e., the inverse phonon lifetime
Γλ ¼ 1=τλ). Inclusion of κc accounts for the wave-like inter-band tun-
neling, which is formally absent in the BTE but becomes essential for
describing thermal transport in systems with significant band mixing.

E. Computational details

To demonstrate the robustness of our automated workflow in
characterizing low-dimensional thermal transport, we selected a
silicon thin film as a prototype system. The atomic structure, illus-
trated in Fig. 2, consists of a 2 nm thick film featuring the experi-
mentally observed 2� 2 surface reconstruction.45,46 This
reconstruction is physically significant as it breaks bulk
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translational symmetry, inducing distinct surface-localized vibra-
tional modes that are critical for accurately modeling phonon con-
finement and boundary scattering effects.

To capture the complex physics of surface reconstruction with
first-principles accuracy, we employed the NEP-SiNWs poten-
tial.37,47 This fourth-generation Neuroevolution Potential (NEP4)
was optimized via the separable natural evolution strategy
(SNES).48 We ensured high transferability by training on a dataset
generated through a three-stage active learning protocol: (i) an
initial baseline of bulk silicon supercells; (ii) expansion to diverse
nanostructures, explicitly incorporating 2� 2 surface reconstruc-
tions; and (iii) refinement through a committee-based query strat-
egy to fill data gaps and ensure model convergence. The final
database consists of 3053 DFT reference structures, comprising
960 bulk supercells, 220 surface slabs, and 1873 nanowire
configurations.

Figure 3 summarizes the training and validation performance of
the NEP model. As shown in Fig. 3(a), the loss functions for energy,
force, and virial terms show rapid and stable convergence. To rigor-
ously evaluate the model’s generalizability and rule out overfitting, the
dataset was partitioned into a training set and a strictly held-out test
set. The high fidelity of the model is further confirmed in the parity
plots [Figs. 3(b)–3(d)], where predictions for both sets align closely
with the identity line. The calculated root mean square errors (RMSE)
on the training set are 14:42meV/atom for energy, 143:97meV=Å for
forces, and 71:15meV/atom for virials. While the absolute RMSE for

atomic forces may appear nominally high, this is primarily a conse-
quence of the large dynamic range of forces induced by the complex
surface reconstruction. To provide a more objective assessment that
facilitates cross-model comparisons, we also evaluated the relative
RMSE (RRMSE)49,50 and the coefficient of determination (R2).
Notably, the model demonstrates robust predictive capability on the
unseen test set, achieving remarkably high R2 values of 0.98 for
energy, 0.91 for forces, and 0.85 for the virial tensor components.
These metrics, accompanied by correspondingly low RRMSE values,
confirm that the model accurately captures the underlying physical
interactions rather than merely memorizing the training data. This
accuracy is comparable to Gaussian Approximation Potentials
(GAPs),23 while maintaining the significantly higher computational
efficiency required for the extensive sampling in this study. Detailed
hyperparameters for NEP training are listed in Appendix A.

Second- and third-order IFCs were extracted via the CS for-
malism implemented in the HiPhive package, employing a 4� 4�
1 supercell. In contrast to the computationally expensive systematic
enumeration typical of standard FDM, we adopted a stochastic
sampling strategy. A training set of 500 randomized configurations
was generated via Monte Carlo rattling with a displacement stan-
dard deviation of σ ¼ 0:03Å. This amplitude effectively samples
the anharmonic regions of the PES while avoiding unphysical
structural distortions. Interaction cutoffs were set to 5:0Å (second-
order) and 4:0Å (third-order) to capture long-range interactions in
the covalent lattice.

Lattice thermal conductivity was evaluated by solving the
WTE on a 21� 21� 1 q-point mesh over a temperature range of
100–1000K. The WTE formalism is critical in this context to rigor-
ously account for both particle-like phonon populations and wave-
like coherences. The latter contribution is particularly pronounced
in this system due to the extensive band folding and mode mixing
induced by the surface reconstruction.

The reliability of the calculation is ensured by mitigating error
propagation across three stages: (i) potential level, where active
learning keeps force RMSE below 0:1 eV/Å; (ii) extraction level,
where Nstruc convergence suppresses sampling uncertainty; and (iii)
solution level, where q-mesh refinement ensures numerical accu-
racy. Detailed convergence analyses for Nstruc and q-mesh are pro-
vided in Appendix B, while representative input scripts are
included in Appendix C to assist reproducibility.

III. RESULTS AND DISCUSSION

We first assess the computational acceleration achieved by our
framework. Table I benchmarks the required atomic configurations
and wall-time costs against the NEP (FDM) baseline. For the bulk
silicon system, the CS-NEP workflow extracts the force constants in
� 1:0 h using only 100 structures, achieving a 2� speedup com-
pared to NEP (FDM) and a 10� speedup over traditional DFT.
The advantage becomes absolute for the nanostructured systems. In
the case of the silicon thin films, the surface reconstruction severely
breaks the crystalline symmetry, yielding an exorbitant 12 956 dis-
placed supercells for the 1 nm film, which drastically escalates to
162 568 supercells for the 2 nm film under standard FDM. This
massive configuration space renders direct DFT calculations com-
putationally intractable. While the NEP-FDM approach makes this

FIG. 2. Atomic structure of the 2 nm silicon thin film model viewed from the
(a) top, (b) side, and (c) front perspectives. The orange dashed boxes delineate
the 2� 2 reconstructed primitive cells. The color mapping on the atoms repre-
sents the degree of reconstruction, defined as the displacement Δr relative to
the ideal crystalline positions. Dark blue regions highlight the significantly dis-
torted surface layers, while yellow regions represent the bulk-like interior. This
2� 2 surface reconstruction introduces symmetry breaking that induces
surface-localized modes, significantly modifying the phonon spectrum.
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FIG. 3. Training statistics and accuracy verification of the NEP model. (a) Evolution of the loss functions for energy, force, and virial terms with respect to the number of
generations, showing stable convergence. (b)–(d) Parity plots comparing the DFT-calculated and NEP-predicted values for (b) energy, (c) forces, and (d) virial. To explicitly
evaluate the model’s generalizability and rule out overfitting, the dataset is partitioned into a training set (colored circles) and a held-out test set (gray hollow circles). Along
with the absolute root mean square error (RMSE), the relative RMSE (RRMSE) and the coefficient of determination (R2) are annotated. The consistently high test R2

values confirm the model’s high fidelity and robust predictive capability on unseen configurations.

TABLE I. Computational cost comparison for extracting second- and third-order force constants. Costs are measured in wall-time (hours) on a single computational node. The
“Speedup” factor is normalized relative to the NEP (FDM) baseline.

Bulk silicon Si thin film (1 nm) Si thin film (2 nm)

(2-atom primitive cell, (16-atom primitive cell, (32-atom primitive cell,
4 × 4 × 4 supercell) 4 × 4 × 1 supercell) 4 × 4 × 1 supercell)

Method Nstruc
a Time (h) Speedup Nstruc Time (h) Speedup Nstruc Time (h) Speedup

DFT (FDM) 542 ∼10.0 0.2 × …b … … … … …
NEP (FDM) 417 ∼2.0 1 × 12 956 ∼20.0 1 × 162 568 ∼80.0 1 ×
NEP (CS) 100 ∼1.0 2× 500 ∼4.0 5× 500 ∼10.0 8×

aNstruc denotes the number of atomic configurations used for force constant extraction with HiPhive.
bComputationally intractable due to the massive number of displaced supercells required by symmetry breaking from surface reconstruction.
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FIG. 4. Benchmarking phonon transport properties and foundational interatomic force constants (IFCs) of bulk silicon at 300 K. Comparison between the accelerated
CS-NEP workflow (blue circles/lines) and standard DFT-FDM calculations (red crosses/dashed lines): (a) phonon dispersion relations along high-symmetry paths;
(b) phonon density of states (DOS); (c) parity plot of the second-order IFCs (Φij ); and (d) third-order IFCs (Φijk ). The IFC plots utilize a symmetrical logarithmic scale to
explicitly resolve the magnitude distributions across over four orders of magnitude, with the marker color mapped to the interatomic distance to distinguish between strong
short-range and weak long-range interactions. (e) Phonon group velocities (vg); (f ) phonon relaxation times (τ) resulting from three-phonon scattering. The excellent agree-
ment implies that the workflow accurately captures both the harmonic stiffness and anharmonic interaction strengths.
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FIG. 5. Phonon transport properties of the 1 nm silicon thin film with 2� 2 surface reconstruction: (a) Phonon dispersion relations along Γ-X-M-Γ, exhibiting zone folding
and flexural modes; (b) density of states (DOS) showing confinement-induced peaks; (c) phonon group velocities, showing significant suppression compared to bulk; and
(d) relaxation times (τ) decomposed into normal (blue) and Umklapp (red) processes, revealing the dominance of anharmonic scattering in the thin film regime; (e) temper-
ature dependence of the lattice thermal conductivity (κ) calculated using the Relaxation Time Approximation (RTA) and iterative methods; and (f ) the relative deviation of
the RTA thermal conductivity from the iterative solution, (κiter

p � κRTA
p )=κiter

p , as a function of temperature.
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sampling feasible (requiring approximately 20.0 and 80.0 h, respec-
tively), the CS-NEP workflow drastically reduces the required con-
figurations to just 500 for both thicknesses. Consequently, the
extraction time drops to 4.0 h for the 1 nm film and 10.0 h for
the 2 nm film, representing a 5� and 8� acceleration relative to
the NEP (FDM) benchmark, respectively.

Crucially, the core advantage of the CS-NEP approach is its
favorable scaling behavior for low-symmetry systems. Unlike standard
FDM, which scale steeply when crystalline symmetries are broken, CS
approach uses stochastic sampling. Its computational cost depends on
the sparsity of the solution rather than explicit symmetry constraints.
This is clearly validated by our 1 and 2 nm film results: while FDM
requires over ten times more structures (from � 12 k to � 162 k) for
the larger system, the CS approach consistently needs only 500 struc-
tures. Consequently, the efficiency gap between CS and FDM widens
significantly as the system grows. This allows the CS-NEP workflow to
effectively overcome the scaling bottleneck of traditional methods for
large structures with complex surfaces or interfaces.

In terms of applicability, conventional FDM remains highly
efficient for high-symmetry bulk crystals where the number of inde-
pendent force constants is minimal. However, its computational cost
becomes prohibitive as symmetry is broken. Conversely, the
CS-based approach is uniquely suited for complex, low-symmetry
systems such as interfaces, defects, or reconstructed surfaces, where
sparsity is maintained by the locality of atomic interactions.

Having established the computational efficiency, we proceed
to validate the accuracy of the framework by benchmarking the
lattice dynamical properties and foundational interatomic force
constants (IFCs) of bulk silicon against DFT calculations. Figure 4
compares the phonon dispersion relations, density of states (DOS),
second- and third-order IFCs, group velocities (vg), and relaxation
times (τ) at 300 K.

Regarding harmonic properties [Figs. 4(a)–4(c)], the
NEP-derived dispersion curves (solid blue lines) exhibit excellent
agreement with DFT benchmarks (red dashed lines) throughout the
Brillouin zone [Fig. 4(a)]. The precise matching of acoustic branches
near Γ confirms the accurate reproduction of elastic constants and
sound velocities. Similarly, the flattening of optical branches and the
corresponding van Hove singularities in the DOS [Fig. 4(b)] are cap-
tured with high fidelity. This macroscopic agreement is fundamen-
tally underpinned by the tensor-level accuracy of the second-order
IFCs (Φij). As shown in the parity plot [Fig. 4(c)], the NEP predic-
tions align with the explicit DFT values across all interaction ranges,
yielding a high coefficient of determination (R2 ¼ 0:997).

Crucial for transport predictions, the group velocity distribu-
tion [Fig. 4(e)] is well reproduced across the spectrum, particularly
for the high-velocity acoustic modes that dominate heat conduc-
tion. Furthermore, the relaxation times [Fig. 4(f)]—which encode
third-order anharmonicity—show consistent frequency scaling
between NEP and DFT. While the excellent agreement in relaxation
times is highly encouraging, such macroscopic consistency could
theoretically arise from a fortuitous cancelation of errors within the
massive anharmonic matrix elements. To definitively rule out this
possibility, we present a direct, quantitative comparison of the
third-order IFC tensors (Φijk) in Fig. 4(d). The symmetrical loga-
rithmic plot explicitly maps the magnitude distribution across over
four orders of magnitude. The CS-NEP workflow successfully

captures the both the strong nearest-neighbor and long-range inter-
actions with a very low relative root mean square error (RRMSE =
0:123) and high coefficient of determination (R2 ¼ 0:9895). This
tensor-level validation confirms that the CS-based workflow genu-
inely recovers the true physical anharmonic interactions, ensuring
absolute reliability for subsequent thermal transport calculations.

We next analyze the confinement-induced transport phenom-
ena in the 1 nm silicon thin film, with results summarized in Fig. 5.
The dispersion relations along the high-symmetry path
Γ�X�M�Γ [Fig. 5(a)] differ drastically from the bulk behavior.
Finite thickness along the z-direction induces severe phonon zone
folding, generating a dense manifold of sub-bands and flattening
the optical branches. A hallmark of this quasi-two-dimensional
system is the quadratic dispersion of the flexural acoustic
(ZA) modes near the Γ point.36 Consequently, the phonon DOS
[Fig. 5(b)] exhibits a high density of van Hove singularities, in
sharp contrast to the continuous spectrum of bulk silicon.

These structural constraints significantly alter the microscopic
transport descriptors. The phonon group velocities [Fig. 5(c)] are
markedly suppressed, with a maximum value of approximately
4:5 km/s—nearly half that of the bulk (�8:5 km/s). This reduction
stems directly from the diminished band curvature (@ω=@k)
induced by zone folding and the localization of vibrational modes
at the reconstructed surfaces.5

The impact of nanostructuring is equally pronounced in the
phonon relaxation times, as shown in Fig. 5(d). Our workflow
enables the explicit decomposition of scattering rates into normal
(N) and Umklapp (U) processes. This separation is essential for
distinguishing momentum-conserving interactions from resistive
ones, thereby providing the necessary resolution to investigate
potential phonon hydrodynamic37,51 effects in such nanostructures.

Figure 5(e) shows the BTE-based lattice thermal conductivity
(κp) of a 1 nm silicon thin film as a function of temperature. The
results of RTA (blue) and the iterative method (red) show excellent
consistency across the entire temperature range of 100–1000 K. To
quantify this difference, Fig. 5(f ) shows the relative deviation, cal-
culated as (κiter

p � κRTA
p )=κiter

p . The maximum deviation is less than
3% near room temperature. This small difference is consistent with
the transport physics of silicon.

We apply the Wigner transport formalism to resolve the mac-
roscopic lattice thermal conductivity (κ) into contributions arising
from the dual particle-wave nature of phonons. Figure 6 presents
this decomposition into the particle-like population channel (κp)
and the wave-like coherence channel (κc).

Figures 6(a) and 6(c) display the temperature dependence of
thermal conductivity for the 1 nm film with varying length. The pop-
ulation term κp [Fig. 6(a)] exhibits a monotonic increase with
channel length L, signifying the crossover from the ballistic regime—
limited by contact boundary scattering—to the diffusive regime domi-
nated by intrinsic scattering. The finite length L is introduced
through a boundary-scattering correction to the phonon relaxation
time via Matthiessen’s rule, where τ�1

tot,λ ¼ τ�1
ph�ph,λ þ jvλj=L. This bal-

listic signature is most prominent at low temperatures in short chan-
nels, where the intrinsic phonon mean free path exceeds the system
dimensions. In contrast, at temperatures above 800K, the conver-
gence of curves for varying lengths indicates that intrinsic Umklapp
scattering (scaling as T�1) becomes the rate-limiting mechanism.
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FIG. 6. Temperature dependence of the resolved lattice thermal conductivity components calculated via the Wigner transport equation. (a) and (c) Evolution of the
(a) particle-like population term κp and (c) wave-like coherence term κc with varying lengths L for a fixed 1 nm film. (b) and (d) Impact of geometric confinement on (b) κp
and (d) κc for varying film thicknesses (H ¼ 1, 2, 3 nm) in the diffusive limit (L ! 1). In (b), MD data for 2.2 and 3.6 nm films at 400 K are taken from Ref. 52 for com-
parison. (e) Comparison of the heat-capacity-weighted average relaxation time hτi for bulk silicon and films with different thicknesses. (f ) Temperature dependence of the
relative contribution of the coherence term to the total thermal conductivity, κc=(κp þ κc), for bulk silicon and films with different thicknesses.
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The impact of geometric confinement (thickness
H ¼ 1, 2, 3 nm) in the diffusive limit (L ! 1) is detailed in
Figs. 6(b) and 6(d). For thinner films, the population component
κp [Fig. 6(b)] is markedly suppressed. This reduction originates
from the truncation of long-wavelength modes and the intensified
boundary-scattering-induced by surface reconstruction. The valid-
ity of our framework is further corroborated by the excellent agree-
ment between our results and molecular dynamics (MD) data for
2:2 and 3:6 nm films at 400K,52 which captures the full anharmo-
nicity of the system. Theoretically, κp is expected to asymptotically
recover toward the bulk limit as thickness increases. While captur-
ing this convergence requires simulating significantly larger super-
cells, the scalability of our CS-NEP workflow establishes a solid
foundation for such large-scale characterizations in future work.

Significantly, the coherence channel κc makes a substantial
contribution to the total conductivity, as evidenced in Figs. 6(c)
and 6(d). Distinct from the particle-like propagation of κp, κc origi-
nates from quantum interference between eigenstates. This inter-
band tunneling mechanism is amplified in these nanofilms by
extensive band folding, which maximizes the off diagonal elements
of the velocity operator. Crucially, within the investigated 1–3 nm
range, κc exhibits a monotonic increase. This trend indicates that
transport physics in this ultra-thin regime is governed by spectral
crowding, where the proliferation of phonon sub-bands as thick-
ness increases yields a significantly denser spectrum with dimin-
ished inter-branch energy spacings. Consequently, this spectral
densification directly promotes inter-band tunneling probabilities.

It is essential to distinguish the 2� 2 surface reconstruction
used here from conventional rough boundary scattering. While the
latter relies on random disorder to induce momentum-
randomizing diffuse reflection, the 2� 2 reconstruction preserves
in-plane translational symmetry. Consequently, the observed trans-
port modifications stem from deterministic symmetry breaking and
phonon zone folding. Thus, the suppression of κp and the evolu-
tion of κc should be interpreted as intrinsic band-structure effects
rather than extrinsic, roughness-induced scattering.

To further elucidate the impact of geometric confinement on
phonon scattering, the heat-capacity-weighted average relaxation
time, hτi ¼Pλ Cλτλ=

P
λ Cλ, is calculated for bulk silicon and

nanofilms, as presented in Fig. 6(e). We observe that τ decreases by
approximately one order of magnitude relative to the bulk. This
reduction is driven by two concurrent mechanisms: (1) the
increased scattering phase space associated with subband formation
in the nanostructure and (2) the enhanced anharmonic scattering
rates driven by the 2� 2 surface reconstruction, which introduces
stronger phonon-phonon interactions compared to the bulk.

Furthermore, Fig. 6(f ) quantifies the relative importance of
the coherence channel by plotting the ratio κc=(κp þ κc) as a func-
tion of temperature. As temperature increases, the relative contribu-
tion of wave-like transport rises significantly across all investigated
thicknesses. This behavior stems from the different temperature
dependencies of the two channels: while κp is sharply suppressed
by the T�1 scaling of Umklapp scattering, the coherence term κc is
less sensitive to these scattering processes and can even be
enhanced by the broadening of phonon linewidths, which facilitates
inter-band tunneling. Notably, the relative contribution of the
coherence term, κc=(κp þ κc), follows a non-monotonic trend with

thickness, peaking at 2 nm. This shift reflects a competition
between spectral crowding and bulk-like recovery: while increasing
thickness from 1 to 2 nm reduces energy spacings via band folding
to boost inter-band tunneling (κc), further growth to 3 nm allows
the particle-like κp to recover more rapidly as boundary suppres-
sion diminishes, thereby slightly reducing the coherence channel’s
relative percentage.

IV. CONCLUSION

In summary, we have developed and validated an integrated
computational paradigm that synergizes the high-throughput sam-
pling of NEP with the data-efficient extraction of CS. This frame-
work successfully overcomes the prohibitive O(N3) scaling of
traditional finite-displacement methods, enabling the determina-
tion of high-order interatomic force constants for complex nano-
structures with ab initio accuracy but at a fraction of the
computational cost.

By applying this workflow to silicon nanofilms with 2� 2
surface reconstructions, we have decoupled the competing micro-
scopic mechanisms governing thermal transport in the sub-5 nm
regime. Our findings demonstrate that while geometric confine-
ment significantly suppresses the particle-like population contribu-
tion (κp), driven by band-folding-induced phase space expansion
and surface-enhanced anharmonicity, the wave-like coherence con-
tribution (κc) becomes increasingly prominent due to spectral
crowding. The rigorous application of the WTE reveals that
neglecting these coherence effects leads to a fundamental underesti-
mation of thermal conductivity in ultra-thin regimes.

This methodology provides a robust, scalable, and automated
route for the high-throughput thermal characterization of low-
dimensional materials, especially those with broken symmetries
such as interfaces, defects, and reconstructed surfaces. The estab-
lished CS-NEP workflow bridges the gap between fundamental
phonon physics and engineering-scale thermal design, offering crit-
ical insights into the development of next-generation,
thermally-optimized nanoelectronic devices.
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APPENDIX A: NEP TRAINING HYPERPARAMETERS

This appendix details the specific hyperparameters employed
for training the NEP-SiNWs model (version 4) using the SNES
optimization algorithm. Table II lists the settings for the descriptor
construction and the neural network architecture.

The choice of hyperparameters in Table II is based on the
covalent nature of silicon and the architectural efficiency of the
NEP model.30 For covalent systems like silicon, we utilize radial
and angular basis sizes (nmax ¼ 10) to provide a balanced
description of the atomic environment. The angular expansion
order lmax ¼ 4 is selected to accurately resolve the directional
bonding of the diamond lattice. Notably, we employ a single
hidden layer with 60 neurons; while deep potential models often
require multi-layer architectures to compensate for simpler
descriptors, the sophisticated atom-environment descriptors in
NEP allow this shallow network to achieve high accuracy with
superior computational efficiency, as confirmed by our conver-
gence tests.

APPENDIX B: CONVERGENCE ANALYSIS

To ensure the reliability of the WTE-based thermal con-
ductivity calculations, we performed systematic convergence

tests on both the number of atomic configurations Nstruc for
CS-based IFC extraction and the reciprocal q-mesh density. As
shown in Fig. 7, the lattice thermal conductivity components
(κp and κc) exhibit excellent stability when the number of
sampled structures Nstruc exceeds 400 and the q-mesh reaches
21� 21 � 1.

APPENDIX C: INPUT CONFIGURATION EXAMPLES

The automated workflow is driven by a unified input interface.
The following listings illustrate the configuration scripts used for
the standard benchmark (FDM) and the accelerated workflow
(CS), respectively. These parameters correspond to the simulation
settings discussed in the main text.

Listing 1: Input configuration for the standard FDM.

Listing 2: Input configuration for the accelerated CS method.

TABLE II. Hyperparameters for the NEP-SiNWs training (version 4). The model
utilizes a single hidden layer with 60 neurons and separates radial and angular
descriptors.

Parameter Value Description

Version 4 NEP generation (NEP4)
Type 1 (Si) Elemental type
Cutoff 5.5 5.5 Radial and angular cutoffs (Å)
n_max 10 10 Radial and angular basis size
basis_size 12 12 Number of basis functions
l_max 4 2 Angular expansion order
Neuron 60 Hidden layer neurons
λe 1.0 Energy loss weight
λf 1.0 Force loss weight
λv 0.1 Virial loss weight
Batch 1000 Training batch size
Generation 5 × 105 SNES generations
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The CS-based IFC extraction parameters are chosen based on
physical constraints and established benchmarks for silicon.40,41 A
displacement amplitude of σ ¼ 0:03 Å is employed to balance the
force signal-to-noise ratio with the validity of the third-order
Taylor expansion; as shown in Fig. 7, the convergence of the
extracted properties is primarily determined by the number of con-
figurations Nstruc. For the cutoff radii, 5.0 Å is used for second-
order IFCs to encompass the third-nearest neighbor shell and
ensure accurate group velocities, while 4.0 Å is selected for third-
order IFCs to capture the dominant short-range three-phonon scat-
tering processes while maintaining the stability of the compressed
sensing solver.41
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